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Abstract – The structure of a normal shock wave for a binary mixture of hard-sphere gases is analyzed numerically on the basis of the Boltzmann
equation by a finite-difference method. In the analysis, the complicated collision integrals are computed efficiently as well as accurately by means
of the numerical kernel method, which is the generalization to the case of a binary mixture of the method devised by Ohwada in 1993 in the shock-
structure analysis for a single-component gas. The transition from the upstream to the downstream uniform state is clarified not only for the macroscopic
quantities but also for the velocity distribution functions. 2001 Éditions scientifiques et médicales Elsevier SAS
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1. Introduction

The analysis of the structure of a normal shock wave in a single component gas is one of the classical prob-
lems in modern kinetic theory and has been tackled by various methods, including moment methods (Mott-
Smith [1]), model Boltzmann equations (Liepmann et al. [2]), and the direct simulation Monte Carlo (DSMC)
method (Bird [3]), since the beginning of 1950’s (see, e.g., Cercignani [4], Fiszdon [5], Bird [6], Cercignani
et al. [7], and their references). However, an accurate numerical result by means of a finite-difference (or
discrete-ordinate) analysis of the Boltzmann equation was reported only in 1993 (Ohwada [8]).

The main difficulty in analyzing the Boltzmann equation by a finite-difference method is to perform accu-
rate computations of the complicated collision integrals. In 1989, Sone and coworkers (Sone et al. [9]) pro-
posed an accurate and efficient method (numerical kernel method) for computing the collision integrals of
the linearized Boltzmann equation for hard-sphere molecules. The method has been successfully applied to the
finite-difference analyses of various fundamental problems of rarefied gas dynamics, such as the Knudsen-layer
problems (Sone et al. [9], Ohwada et al. [10], Ohwada and Sone [11]), plane Poiseuille flow and thermal transpi-
ration (Ohwada et al. [12]), plane Couette flow (Sone et al. [13]), uniform flows past a sphere (Takata et al. [14],
Sone et al. [15]), and thermophoresis (Takata and Sone [16]), and the results to be regarded as the standards
for these problems have been established. Subsequently, a similar method was developed for the nonlinear
Boltzmann equation by Ohwada in the above-mentioned work on the shock-wave structure (Ohwada [8,17]),
in which an accurate numerical result was obtained for relatively weak to moderately strong shock waves. The
method has also been applied to the analysis of heat transfer between parallel plates (Ohwada [18,19]).

The problem of shock-wave structure for a binary gas mixture has also been a popular subject and has been
investigated experimentally (Center [20], Harnett and Muntz [21], Gmurczyk et al. [22]) as well as theoretically.

* Correspondence and reprints.
E-mail address:kaoki@ip.media.kyoto-u.ac.jp (K. Aoki).



88 S. Kosuge et al. / Eur. J. Mech. B - Fluids 20 (2001) 87–126

The latter approach includes approximate analyses based on moment methods (Oberai [23], Oberai and
Sinha [24]) and fluid-dynamic models (Beylich [25], Fernández-Feria and Fernández de la Mora [26]) and
numerical analyses based on kinetic models (Abe and Oguchi [27], Hamel [28]) and the DSMC method
(Bird [29,30]). (See also Bird [6] and the references therein.) In the present study, we try to extend the method
of Ohwada [8] to the case of a binary mixture of hard-sphere gases and investigate the structure of a normal
shock wave for the mixture by an accurate finite-difference analysis of the Boltzmann equation. Our aim is to
establish the result that can be the standard for the problem. It should be mentioned that a numerical result by
another direct method was reported recently (Raines [31]). However, only one case of a rather weak shock is
analyzed, and no information is given about the size and accuracy of the computation.

2. Problem and basic equations

2.1. The problem

We consider a steady flow of a binary gas mixture (say, the mixture ofA-component andB-component)
through a standing normal shock wave. Let us take theX1 axis of the space coordinatesXi in the direction
of the flow. The mixture is in a uniform equilibrium state with speedU−, temperatureT−, and molecular
number densitiesnA− (A-component) andnB− (B-component) at upstream infinity (X1 = −∞), whereas it is in
another equilibrium state with speedU+, temperatureT+, and molecular number densitiesnA+ (A-component)
andnB+ (B-component) at downstream infinity (X1 = ∞). The conservations of the molecular number of each
component, the total momentum, and the total energy lead to the expressions of the downstream parameters in
terms of the upstream ones (the Rankine–Hugoniot relation), which can be arranged in the following form:

nα+
nα−

= 4M2−
M2− + 3

(α =A,B), (1a)

U+
U−

= M2− + 3

4M2−
, (1b)

T+
T−

= (5M2− − 1)(M2− + 3)

16M2−
. (1c)

HereM− is the Mach number at upstream infinity defined by

M− =U−/(5R−T−/3)1/2, (2a)

R− = k/(mAχA− +mBχB−
)
, (2b)

wherek is the Boltzmann constant,mA the mass of a molecule of theA-component, andmB that of the
B-component;χA− and χB− are the concentrations of theA-component and theB-component at upstream
infinity, i.e.,

χα− = nα−/n− (α =A,B), (3a)

n− = nA− + nB−. (3b)

It is seen from equation (1a) that the concentration of each component at downstream infinity,χα+ = nα+/n+
(n+ = nA+ + nB+), is the same asχα−. Therefore, the Mach number at downstream infinity is given byM+ =
U+/(5R−T+/3)1/2 and is expressed as

M+ =
(
M2− + 3

5M2− − 1

)1/2

, (4)



S. Kosuge et al. / Eur. J. Mech. B - Fluids 20 (2001) 87–126 89

with the aid of equations (1b)–(2a).

We investigate the transition from the upstream to the downstream state through the shock wave on the basis
of the Boltzmann equation for a binary mixture under the assumption that the molecules of each component
are hard (or rigid) spheres.

2.2. Basic equations

Let ξi (or ξ ) be the molecular velocity,FA(X1, ξ ) the velocity distribution function of the molecules of the
A-component, andFB(X1, ξ ) that of theB-component. The Boltzmann equation in the present problem is
written in the following form (Kogan [32], Chapman and Cowling [33]).

ξ1
∂Fα

∂X1
= ∑
β=A,B

{
Gβα

[
Fβ,Fα

]− νβα[Fβ]Fα} (α =A,B), (5)

where

Gβα[f,g] = (dβαm )
2

2

∫
f
(
X1, ξ

βα
∗
)
g
(
X1, ξ

βα
)|a · V |d�(a)dξ ∗, (6)

νβα[f ] = (dβαm )
2

2

∫
f (X1, ξ ∗)|a · V |d�(a)dξ ∗, (7)

ξβα = ξ + µβα

mα
(a · V )a, ξβα∗ = ξ ∗ − µβα

mβ
(a · V )a, V = ξ ∗ − ξ , (8)

dβαm = (
dαm + dβm

)
/2, µβα = 2mαmβ/

(
mα +mβ). (9)

Here,dAm anddBm are the diameter of a molecule of theA-component and that of theB-component, respectively;
ξ ∗ is the integration variable forξ , a is a unit vector, dξ ∗ = dξ∗1 dξ∗2 dξ∗3, and d�(a) is the solid-angle element
arounda; the domain of integration is the whole space ofξ ∗ and all directions ofa.

The boundary condition at upstream infinity is

Fα → nα−
(

mα

2πkT−

)3/2

exp
(

−m
α[(ξ1 −U−)2 + ξ2

2 + ξ2
3 ]

2kT−

)
, for ξ1> 0 asX1 → −∞, (10)

and that at downstream infinity is

Fα → nα+
(

mα

2πkT+

)3/2

exp
(

−m
α[(ξ1 −U+)2 + ξ2

2 + ξ2
3 ]

2kT+

)
, for ξ1< 0 asX1 → ∞, (11)

with α =A andB.

Let nα be the molecular number density,vαi the flow velocity,pα the pressure, andT α the temperature of
α-component (α = A,B), and letn be the molecular number density,ρ the density,vi the flow velocity,p
the pressure, andT the temperature of the total mixture. Then these macroscopic variables are defined as the
moments of the velocity distribution functions as follows:

nα =
∫
Fα dξ , vαi = (

1/nα
) ∫

ξiF
α dξ ,

(12)
pα = knαT α = (1/3)

∫
mα

(
ξi − vαi

)2
Fα dξ ,
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n=
∫ ∑
α=A,B

Fα dξ = ∑
α=A,B

nα, ρ =
∫ ∑
α=A,B

mαFα dξ = ∑
α=A,B

mαnα,

vi = 1

ρ

∫
ξi

∑
α=A,B

mαFα dξ = 1

ρ

∑
α=A,B

mαnαvαi , (13)

p= knT = 1

3

∫
(ξi − vi)2

∑
α=A,B

mαFα dξ = ∑
α=A,B

[
pα +mαnα(vαi − vi)2

/3
]
,

where dξ = dξ1 dξ2 dξ3, and the integration with respect toξ in equations (12) and (13) extends to the whole
space ofξ . In the present problem, theX2 andX3 components of the flow velocities vanish, i.e.,vαi = vi = 0
(i = 2, 3) (see the first paragraph of section 3.2). It should be noted here that, in the literature, the pressure and
temperature of each component are often defined in a different way, i.e., by the last equation of (12) withvαi
replaced byvi . For this definition, the relationp = pA + pB (Dalton’s law) holds instead of the expression in
the last equation of (13).

2.3. Dimensionless form

We now introduce the following dimensionless variables.

x1 =X1/ l−, ζi = ξi/(2kT−/mA
)1/2
, (14a)

F̂ α = Fα(2kT−/mA
)3/2
/n−, (14b)

wherel− is the mean free path of the molecules of theA-component when it is in an equilibrium state at rest
with molecular number densityn− (equation (3b)), i.e.,

l− = [√
2π

(
dAm

)2
n−

]−1
. (15)

(Note that l− is independent of the temperature of the equilibrium state for hard-sphere molecules.) In
what follows, the symbolζ is also used forζi . Then the Boltzmann equation (5) is recast to the following
dimensionless form:

ζ1
∂F̂ α

∂x1
= ∑
β=A,B

Cβα
{
Ĝβα

[
F̂ β, F̂ α

]− ν̂[F̂ β]F̂ α} (α =A,B), (16)

where

Ĝβα[f,g] = 1

2
√

2π

∫
f
(
x1, ζ

βα
∗
)
g
(
x1, ζ

βα
)|a · V̂ |d�(a)dζ ∗, (17)

ν̂[f ] = 1

2
√

2π

∫
f (x1, ζ ∗)|a · V̂ |d�(a)dζ ∗, (18)

ζ βα = ζ + µ̂βα

m̂α
(a · V̂ )a, ζ βα∗ = ζ ∗ − µ̂βα

m̂β
(a · V̂ )a, V̂ = ζ ∗ − ζ , (19)

Cβα = (
dβαm /d

A
m

)2
, µ̂βα = 2m̂αm̂β/

(
m̂α + m̂β), m̂α =mα/mA. (20)

Here,ζ ∗ is the integration variable forζ , and dζ ∗ = dζ∗1 dζ∗2 dζ∗3; the domain of integration is the whole space
of ζ ∗ and all directions ofa. The corresponding dimensionless forms of boundary conditions (10) and (11) are,
with α =A,B,
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F̂ α →
(
m̂α

π

)3/2

χα− exp

(
−m̂α

[(
ζ1 −M−

√√√√ 5

6
∑
β=A,B m̂βχ

β
−

)2

+ ζ 2
2 + ζ 2

3

])
,

for ζ1> 0 asx1 → −∞, (21)

F̂ α →
(
m̂α

π

)3/2

χα−
nα+
nα−

(
T+
T−

)−3/2

× exp

(
−m̂α

(
T+
T−

)−1[(
ζ1 − U+

U−
M−

√√√√ 5

6
∑
β=A,B m̂βχ

β
−

)2

+ ζ 2
2 + ζ 2

3

])
,

for ζ1< 0 asx1 → ∞, (22)

wherenα+/nα−, U+/U−, andT+/T− are given by equation (1) and are determined byM−.

Sincem̂A = 1, m̂B = mB/mA, CAA = 1, CAB = CBA = [1 + (dBm/dAm)]2/4, andCBB = (dBm/dAm)2, andχA−
andχB− are related asχA− + χB− = 1, it is seen that the boundary-value problem, equations (16), (21), and (22),
is characterized by the following four dimensionless parameters:

mB/mA, dBm/d
A
m, χB− , M−. (23)

We analyze the problem numerically for given values of these parameters.

3. Preliminary analysis

3.1. Further transformation

We first transform equation (17). Let us decompose the relative velocityV̂ into the components perpendicular
and parallel toa, i.e.,

V̂ = w + z, w = V̂ − (a · V̂ )a, z = (a · V̂ )a. (24)

Then,ζ βα andζ βα∗ are expressed as

ζ βα = ζ + µ̂βα

m̂α
z, ζ βα∗ = ζ + w +

(
1− µ̂βα

m̂β

)
z. (25)

If we change the integration variables from (a, ζ ∗) to (w, z) noting thata and−a give the samew andz, we
obtain the following expression for̂Gβα[f,g]:

Ĝβα[f,g] = 1√
2π

∫
f

(
ζ + w +

(
1− µ̂βα

m̂β

)
z
)
g

(
ζ + µ̂βα

m̂α
z
)
z−1 dS(w)dz, (26)

wherez = |z|, dz = dz1 dz2 dz3, and dS(w) is the surface element, aroundw, of the plane perpendicular toz;
the domain of integration with respect tow is the whole plane perpendicular toz, and that with respect toz is
its whole space; the argumentx1 in f andg is omitted for simplicity.

On the other hand, the integration with respect toa in equation (18) can be carried out, and we have

ν̂[f ] = 1√
2

∫
|ζ ∗ − ζ |f (ζ ∗)dζ ∗, (27)
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where the argumentx1 in f is also omitted.

3.2. Similarity solution

In the present problem, we seek the solution in the following form:

F̂ α = F̂ α(x1, ζ1, ζr), ζr = (
ζ 2

2 + ζ 2
3

)1/2
(α =A,B). (28)

The compatibility of this form ofF̂ α with the Boltzmann equation (16) is shown by direct substitution. That
is, the left-hand side (LHS) of (16) with (28) is obviously a function ofx1, ζ1, andζr ; on the other hand, its
right-hand side (RHS) with (28) is, as will be shown below, also a function of the same variables. (The latter
fact is readily seen from the rotational invariance ofĜβα[f,g] and ν̂[f ]. However, since we need the explicit
functional form of the RHS of (16) with (28) for numerical analysis, we derive it below.) It is also obvious
that equation (28) is compatible with boundary conditions (21) and (22). It follows immediately from (28) that
vαi = vi = 0 (i = 2, 3).

Now letL(ζ1, ζr) andM(ζ1, ζr) be arbitrary functions ofζ1 andζr (they may, of course, depend onx1). We
first derive, from equation (26), the explicit form ofĜβα[L,M]. We expressζ in cylindrical coordinates as

ζ1 = ζ1, ζ2 = ζr cosψ, ζ3 = ζr sinψ, (29)

andz in spherical polar coordinates as

z1 = zcosθ, z2 = zsinθ cosε, z3 = zsinθ sinε. (30)

We further introduce two orthogonal unit vectorse′ ande′′ on the plane perpendicular toz, i.e.,

e′1 = 0, e′2 = −sinε, e′3 = cosε, (31a)

e′′1 = sinθ, e′′2 = −cosθ cosε, e′′3 = −cosθ sinε, (31b)

and decomposew as

w =w′e′ +w′′e′′. (32)

Then, noting that dS(w) = dw′ dw′′ and dz = z2 sinθ dzdθ dε, we obtain the following expression for
Ĝβα[L,M]:

Ĝβα[L,M] = 1√
2π

∫ π

0

∫ π

−π

∫ ∞

0

∫ ∞

−∞

∫ ∞

−∞
1
βα
G

(
ζ1, ζr, z, θ,cos(ε −ψ),sin(ε −ψ),w′,w′′)dw′ dw′′ dzdε dθ

= 1√
2π

∫ π

0

∫ π

−π

∫ ∞

0

∫ ∞

−∞

∫ ∞

−∞
1
βα
G (ζ1, ζr, z, θ,cosε̄,sinε̄,w′,w′′)dw′ dw′′ dzdε̄ dθ

=
√

2

π

∫ π

0

∫ π

0

∫ ∞

0

∫ ∞

−∞

∫ ∞

−∞
1
βα
G (ζ1, ζr, z, θ,cosε̄,sinε̄,w′,w′′)dw′ dw′′ dzdε̄ dθ, (33)

where

1
βα
G (ζ1, ζr, z, θ,cosε̄,sinε̄,w′,w′′)= L(J1, Jr)M(K1,Kr)zsinθ, (34)

and
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J1 = ζ1 +w′′ sinθ + (
1− µ̂βα/m̂β)zcosθ, (35a)

Jr = {(
w′ − ζr sinε̄

)2 + [
w′′ cosθ − ζr cosε̄ − (

1− µ̂βα/m̂β)zsinθ
]2}1/2

, (35b)

K1 = ζ1 + (
µ̂βα/m̂α

)
zcosθ, (35c)

Kr = {[(
µ̂βα/m̂α

)
zsinθ + ζr cosε̄

]2 + (ζr sinε̄)2
}1/2

. (35d)

In the last equality of equation (33), the property

1
βα
G

(
ζ1, ζr , z, θ,cos(−ε̄),sin(−ε̄),−w′,w′′) =1βαG

(
ζ1, ζr , z, θ,cosε̄,sinε̄,w′,w′′), (36)

has been used to reduce the range of integration with respect toε̄ to [0, π ].
On the other hand, in equation (27), we expressζ ∗ in cylindrical coordinates as

ζ∗1 = ζ∗1, ζ∗2 = ζ∗r cosφ, ζ∗3 = ζ∗r sinφ, (37)

and use equation (29) forζ . Then, we obtain the following expression forν̂[L]:

ν̂[L] = 1√
2

∫ ∞

−∞

∫ ∞

0

∫ π

−π
1ν

(
ζ1, ζr , ζ∗1, ζ∗r ,cos(φ −ψ))dφ dζ∗r dζ∗1

= 1√
2

∫ ∞

−∞

∫ ∞

0

∫ π

−π
1ν(ζ1, ζr , ζ∗1, ζ∗r ,cosφ̄)dφ̄ dζ∗r dζ∗1, (38)

where

1ν(ζ1, ζr, ζ∗1, ζ∗r ,cosφ̄)= L(ζ∗1, ζ∗r )V̂ ζ∗r , (39a)

V̂ = [
(ζ∗1 − ζ1)2 + ζ 2

∗r + ζ 2
r − 2ζ∗rζr cosφ̄

]1/2
. (39b)

From equations (33) and (38), it is obvious that the RHS of (16) with (28) is a function ofx1, ζ1, andζr .

4. Numerical analysis

The method of analysis is the extension of the method developed by Ohwada [8] for a single component gas
to the case of a binary mixture. The details will be given below.

4.1. Finite-difference analysis

In this subsection we explain the finite-difference scheme and the solution procedure. In the actual
computation, we consider a finite range ofx1, i.e., −D � x1 � D, instead of the infinite range and impose
the condition (21) atx1 = −D for ζ1> 0 and (22) atx1 =D for ζ1< 0. As for the molecular velocity, we only
restrictζ1 to a finite range, i.e.,−Zα1 � ζ1 � Zα′

1 for theα-component (α = A,B) (as seen below, we do not
need to restrict the range ofζr because of our solution method). The constantsD, Zα1 , andZα′

1 are chosen in
such a way that the deviation of the velocity distributionF̂ α from the upstream Maxwellian (21) (or from the
downstream Maxwellian (22)) is negligibly small atx1 � −D (or atx1 � D) and thatF̂ α itself is negligibly
small atζ1 � −Zα1 andζ1 � Zα′

1 . The choice is to be validated from the result of numerical computation. Now,
let x(i)1 (i = −ND, . . . ,0, . . . ,ND) be the lattice points inx1 (x(−ND)1 = −D, x(0)1 = 0, x(ND)1 =D), and let (ζ α(j)1 ,
ζ α(k)r ) (j = −Nαm, . . . ,0, . . . ,Nαp ; k = 0, 1, . . . ,Hα) be the lattice points in theζ1ζr -plane for theα-component
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(ζ
α(−Nαm)
1 = −Zα1 , ζ α(0)1 = 0, ζ

α(Nαp )

1 = Zα′
1 ; ζ α(0)r = 0; as will be seen in the next subsection, the lattice point

ζ α(0)r is not used in our practical computation). Then, we defineF̂
α(n)
i (ζ1, ζr) andF̂ α(n)ijk as follows:

F̂
α(n)
i (ζ1, ζr)= F̂ α(x(i)1 , ζ1, ζr

)
at thenth iteration step, (40a)

F̂
α(n)
ijk = F̂ α(n)i

(
ζ
α(j)
1 , ζ α(k)r

)
. (40b)

When confusion is expected, the commas are placed between subscripts asF̂
α(n)
i+1,j,k in equation (41a) below.

The finite-difference scheme that we adopt is essentially the same as that in Ohwada [8], i.e.,

ζ
α(j)
1

(
F̂
α(n+1)
i+1,j,k − F̂ α(n+1)

ijk

)/(
x
(i+1)
1 − x(i)1

)
= ∑

β=A,B
Cβα

(
Ĝ
βα(n)
i+1,j,k − ν̂βα(n)i+1,j,kF̂

α(n+1)
i+1,j,k + Ĝβα(n)ijk − ν̂βα(n)ijk F̂

α(n+1)
ijk

)
/2 (j > 0), (41a)

ζ
α(j)
1

(
F̂
α(n+1)
i−1,j,k − F̂ α(n+1)

ijk

)/(
x
(i−1)
1 − x(i)1

)
= ∑

β=A,B
Cβα

(
Ĝ
βα(n)
i−1,j,k − ν̂βα(n)i−1,j,kF̂

α(n+1)
i−1,j,k + Ĝβα(n)ijk − ν̂βα(n)ijk F̂

α(n+1)
ijk

)
/2 (j < 0), (41b)

0= ∑
β=A,B

Cβα
(
Ĝ
βα(n)
ijk − ν̂βα(n)ijk F̂

α(n+1)
ijk

)
(j = 0), (41c)

where

Ĝ
βα(n)
ijk = Ĝβα[F̂ β(n)i (ζ1, ζr), F̂

α(n)
i (ζ1, ζr)

]
at (ζ1, ζr)= (

ζ
α(j)
1 , ζ α(k)r

)
, (42a)

ν̂
βα(n)
ijk = ν̂[F̂ β(n)i (ζ1, ζr)

]
at (ζ1, ζr)= (

ζ
α(j)
1 , ζ α(k)r

)
. (42b)

The most complicated part in this scheme is the evaluation ofĜ
βα(n)
ijk and ν̂βα(n)ijk , which will be explained in

the following subsections. With this method for the evaluation, the process of computation for the above finite-
difference scheme is obvious. We first choose appropriate initial distributionsF̂

α(0)
ijk . Now, suppose that̂Fα(n)ijk

are known.

(i) ComputeĜβα(n)ijk andν̂βα(n)ijk usingF̂ α(n)ijk .

(ii) For j > 0, computeF̂ α(n+1)
ijk successively fromi = −ND+1 to i =ND from equation (41a) usinĝGβα(n)ijk ,

ν̂
βα(n)
ijk and the boundary condition atx1 = −D.

(iii) For j < 0, computeF̂ α(n+1)
ijk successively fromi = ND − 1 to i = −ND from equation (41b) using

Ĝ
βα(n)
ijk , ν̂βα(n)ijk and the boundary condition atx1 =D.

(iv) For j = 0, computeF̂ α(n+1)
i0k for all i from equation (41c) usinĝGβα(n)i0k andν̂βα(n)i0k .

Repeat the steps (i)–(iv) forn= 0, 1, . . . until F̂ α(n)ijk converges.

4.2. Numerical computation of collision integrals

In order to complete the above finite-difference scheme, we need to expressĜ
βα(n)
ijk and ν̂βα(n)ijk in terms of

F̂
α(n)
ijk . For this purpose, we first expressF̂ α(n)i (ζ1, ζr) in terms ofF̂ α(n)ijk . It is done by the following three steps.

First, we expandF̂ α(n)i (ζ1, ζr) with respect toζ1 using a set of basis functions;αj (ζ1), i.e.,

F̂
α(n)
i (ζ1, ζr)=

Nαp∑
j=−Nαm

F̂
α(n)
i

(
ζ
α(j)
1 , ζr

)
;αj (ζ1), (43)
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where;αj (ζ1) is assumed to have the following property:;αj (ζ1)= 1 atζ1 = ζ α(j)1 , and;αj (ζ1)= 0 atζ1 = ζ α(l)1
(l �= j ). In the practical computation, we use;αj that is nonzero only in a neighborhood (e.g., some lattice

intervals) ofζ1 = ζ α(j)1 . The explicit choice of;αj will be made later. [Hereafter, we assume equation (43)
for the whole range ofζ1; therefore, the practical range ofζ1 becomes slightly wider than−Zα1 � ζ1 � Zα′

1 .]
Second, expecting that̂Fα(n)i is a smooth and rapidly decreasing function of

√
m̂αζr , we assume the following

form of F̂ α(n)i (ζ
α(j)
1 , ζr):

F̂
α(n)
i

(
ζ
α(j)
1 , ζr

) = exp
(

−m̂
αζ 2
r

2

)Hα−1∑
m=0

a
α(n)
ijm Lm

(
m̂αζ 2

r

)
, (44)

whereLm(y) is the Laguerre polynomial (Abramowitz and Stegun [34]) ofmth order, which is defined by

Lm(y)=
m∑
s=0

(−1)s

s!
(
m

s

)
ys, (45)

and satisfy the relation ∫ ∞

0
Lm(y)Ln(y)exp(−y)dy = δmn. (46)

The system of functions exp(−y/2)Lm(y) (m= 0,1, . . .) forms a complete orthonormal system inL2(0,∞).
Therefore, equation (44) means that, assumingF̂

α(n)
i (ζ

α(j)
1 , ζr) to be a rapidly decreasing function ofm̂αζ 2

r , we
expand it in terms of the orthonormal system and truncate it at theHαth term. If we consider equation (44) at
the lattice pointsζr = ζ α(k)r (k = 1, . . . ,Hα), we have

F̂
α(n)
ijk = exp

(
−m̂

α(ζ α(k)r )2

2

)Hα−1∑
m=0

a
α(n)
ijm Lm

(
m̂α

(
ζ α(k)r

)2)
. (47)

The coefficientsaα(n)ijm (m= 0, . . . ,Hα − 1) in (44) are expressed in terms ofF̂ α(n)ijk (k = 1, . . . ,Hα) by solving

the system of linear algebraic equations (47). (Equation (44) witha
α(n)
ijm thus determined is equivalent to

approximating exp(m̂αζ 2
r /2)F̂

α(n)
i (ζ

α(j)
1 , ζr) by theHα − 1 degree polynomial of̂mαζ 2

r that takes the values
exp(m̂α(ζ α(k)r )2/2)F̂ α(n)ijk at ζr = ζ α(k)r (k = 1, . . . ,Hα) (Lagrange interpolation).) Equation (44), arranged in the
form of power series of̂mαζ 2

r , can be written as

F̂
α(n)
i

(
ζ
α(j)
1 , ζr

) = exp
(

−m̂
αζ 2
r

2

)Hα−1∑
m=0

A
α(n)
ijm

(
m̂αζ 2

r

)m
, (48)

whereAα(n)ijm are the constants depending explicitly onF̂ α(n)ijk and the lattice pointsζ α(k)r (k = 1, . . . ,Hα) (Explicit

expression ofAα(n)ijm will be given later for a special choice ofζ α(k)r ). Finally, by substituting (48) into (43), we

have the following expression of̂Fα(n)i (ζ1, ζr) in terms ofF̂ α(n)ijk :

F̂
α(n)
i (ζ1, ζr)= exp

(
−m̂

αζ 2
r

2

) Nαp∑
j=−Nαm

Hα−1∑
m=0

A
α(n)
ijm ;

α
j (ζ1)

(
m̂αζ 2

r

)m
. (49)
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If we substitute (49) into (42), we obtain the desired expressions ofĜ
βα(n)
ijk andν̂βα(n)ijk , i.e.,

Ĝ
βα(n)
ijk =

N
β
p∑

p=−Nβm

Nαp∑
q=−Nαm

Hβ−1∑
a=0

Hα−1∑
b=0

�
βαjk
pqabA

β(n)
ipa A

α(n)
iqb , (50a)

ν̂
βα(n)
ijk =

N
β
p∑

p=−Nβm

Hβ−1∑
a=0

Bβαjkpa A
β(n)
ipa , (50b)

where

�
βαjk
pqab = Ĝβα[;βp(ζ1)(m̂βζ 2

r

)a
Eβr ,;

α
q (ζ1)

(
m̂αζ 2

r

)b
Eαr

]
at (ζ1, ζr)= (

ζ
α(j)
1 , ζ α(k)r

)
, (51a)

Bβαjkpa = ν̂[;βp(ζ1)(m̂βζ 2
r

)a
Eβr

]
at (ζ1, ζr)= (

ζ
α(j)
1 , ζ α(k)r

)
, (51b)

Eαr = exp
(−m̂αζ 2

r /2
)
. (51c)

The�βαjkpqab andBβαjkpa are the universal constants in the sense that they do not depend oni andn. Therefore, we
can compute them beforehand once we have chosen the lattice points in theζ1ζr -plane and the explicit form of
;αj (ζ1) (note that they depend also onmB/mA, but not ondBm/d

A
m). We call�βαjkpqab andBβαjkpa the ‘numerical

kernels’ of the collision integrals.

In this way, the computation of the collision integrals has been reduced to the matrix products of the
numerical kernels andAα(n)ijk that are determined bŷFα(n)ijk and by the lattice pointsζ α(k)r . A convenient choice
of ζ α(k)r is,

ζ α(k)r =
√
yk/m̂α (k = 1, . . . ,H), (52)

whereHα = H is assumed for simplicity, andyk stands for the zeros (yk < yl for k < l) of the Laguerre
polynomialLH(y) of orderH . Then, we obtain the following simple expression of the solutionaα(n)ijm of the
system of algebraic equations (47):

a
α(n)
ijm =

H∑
k=1

wmkF̂
α(n)
ijk , (53a)

wmk = Lm(yk)exp(yk/2)

cH−1,H−1LH−1(yk)
∏H
s=1( �=k)(yk − ys)

, (53b)

wherecmn is the coefficient ofym in Ln(y) (see appendix A for the derivation of equation (53)). Equation (53a)
leads to the concise expression of the coefficientsA

α(n)
ijm in equation (49) in terms of̂Fα(n)ijk andyk (appendix A),

i.e.,

A
α(n)
ijm =

H∑
k=1

H−1∑
l=0

MmlwlkF̂
α(n)
ijk , (54a)

Mml =
{

0 (m > l),

cml (0 �m� l).
(54b)
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4.3. Numerical kernels of collision integrals

4.3.1. Basis functions

The number of the elements of the numerical kernels�βαjkpqab is still too large for precise numerical
computations because of its six-fold indices (j , k, p, q, a, b). However, by using a uniform lattice system
for ζ1 that is common to both components, i.e.,

ζ
α(j)
1 = ζ (j)1 = jh (j = −Nm, . . . ,0, . . . ,Np) (55)

(hereNαm =Nm andNαp = Np are assumed for simplicity), and by exploiting the basic properties ofĜβα and

ν̂, we can reduce the number of the independent elements of�
βαjk
pqab andBβαjkpa significantly, as we will see

below. SinceF̂ α is expected to be a rapidly decaying function of
√
m̂αζ1, it is reasonable to use different lattice

systems for individual gas components, such asζ
α(j)
1 = jh/√m̂α , rather than equation (55). But in this case,

such reduction of the number of the independent elements is not possible. We can perform much more efficient
computation with the lattice system (55).

To define the explicit form of the basis functions;αj (ζ1) in equation (43), we introduce the following

;̃j (ζ1):

;̃2F(ζ1)=

[
ζ1 − (2F− 1)h

][
ζ1 − (2F− 2)h

]
/2h2

[
(2F− 2)h� ζ1 � 2Fh

]
,[

ζ1 − (2F+ 1)h
][
ζ1 − (2F+ 2)h

]
/2h2

[
2Fh < ζ1 � (2F+ 2)h

]
,

0 (otherwise),

(56a)

;̃2F+1(ζ1)=
{

−(ζ1 − 2Fh)
[
ζ1 − (2F+ 2)h

]
/h2

[
2Fh� ζ1 � (2F+ 2)h

]
,

0 (otherwise).
(56b)

Then, in the computation of�βαjkpqab andBβαjkpa , we use two different sets of basis functions depending on the
parity of j that are common to both components, i.e.,

;αp(ζ1)=;p(ζ1)= ;̃p(ζ1) (p = 0,±1,±2, . . .), for j = 2F, (57a)

;αp(ζ1)=;p(ζ1)= ;̃p−1(ζ1 − h) (p = 0,±1,±2, . . .), for j = 2F+ 1. (57b)

By this choice of the basis functions, equation (43) means thatF̂
α(n)
i (ζ1, ζr), as the function ofζ1, is

approximated by a piecewise quadratic function ofζ1 that takes the valuêFα(n)i (ζ
(j)
1 , ζr) at the lattice point

ζ1 = ζ (j)1 (j = −Nm, . . . ,0, . . . ,Np). The piecewise quadratic function is quadratic in the interval 2Fh � ζ1 �
2(F + 1)h for (57a) and in(2F − 1)h � ζ1 � (2F + 1)h for (57b). (These statements are not true in a small
neighborhood of the outermost lattice pointζ (−Nm)1 or ζ

(Np)

1 , where the value of̂Fα(n)i (ζ1, ζr) is negligibly small.)
The use of the two sets of basis functions is just for convenience that the lattice pointζ

(j)
1 under consideration

in the integrals in equation (51) is always at a node (ζ
(2F)
1 for (57a) andζ (2F+1)

1 for (57b)) of the piecewise
quadratic function. Thẽ;p(ζ1) defined above has the property

;̃p
(
ζ1 + ζ (2F)1

) = ;̃p(ζ1 + 2Fh)= ;̃p−2F(ζ1), (58a)

;̃p(−ζ1)= ;̃−p(ζ1). (58b)

On the other hand,̂Gβα andν̂ satisfy the following relations.

Ĝβα
[
f (ζ ), g(ζ )

]
(ζ )= Ĝβα[f (ζ + a), g(ζ + a)

]
(ζ − a), (59a)
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ν̂
[
f (ζ )

]
(ζ )= ν̂[f (ζ + a)

]
(ζ − a), (59b)

Ĝβα
[
f (ζ1, ζr), g(ζ1, ζr)

]
(0, ζr)= Ĝβα[f (−ζ1, ζr), g(−ζ1, ζr)](0, ζr), (59c)

ν̂
[
f (ζ1, ζr)

]
(0, ζr)= ν̂[f (−ζ1, ζr)](0, ζr), (59d)

Ĝαα
[
f (ζ ), g(ζ )

] = Ĝαα[g(ζ ), f (ζ )], (59e)

Ĝαα
[
f1(ζ1)g1(ζr), f2(ζ1)g2(ζr)

]= Ĝαα[f1(ζ1)g2(ζr), f2(ζ1)g1(ζr)
]
, (59f)

where f , g, etc. are arbitrary functions of the independent variables specified in the equations, and the
independent variables of̂Gβα and ν̂ in equations (59a)–(59d) are shown in the respective last parentheses.
Equations (59a) and (59b) follow from (17) and (18), and equations (59c) and (59d) follow from (33) and (38).
Equations (59e) and (59f) are essentially the same as the corresponding relation for a single-component gas,
the derivation of which is given in Ohwada [8].

It follows from equations (58a), (59a), and (59b) that

�
βαjk
pqab =�βα0k

p−j,q−j,a,b, Bβαjkpa =Bβα0k
p−j,a, (60)

from (58b), (59c), and (59d) that

�
βα0k
pqab =�βα0k

−p,−q,a,b, Bβα0k
pa =Bβα0k

−p,a, (61)

and from (59e) and (59f) that

�αα0k
pqab =�αα0k

qpba =�αα0k
pqba. (62)

Equations (60) and (61) reduce the number of independent elements of�
βαjk
pqab from O(N6) to O(N5) and that

of Bβαjkpa from O(N4) to O(N3), whereN is the representative number of the lattice points of each molecular
velocity component [i.e.,N is of the order ofNm +Np + 1 and ofH ].

4.3.2. Numerical kernels

From equations (33), (51a), and (57a), we obtain the following expression of�
βα0k
pqab:

�
βα0k
pqab =

√
2

π

∫ π

0

∫ π

0

∫ ∞

0

∫ ∞

−∞

∫ ∞

−∞
;̃p(J1);̃q(K1)

(√
m̂βJ (k)r

)2a(√
m̂αK(k)r

)2b

× exp
(

−(
√
m̂βJ (k)r )

2 + (√m̂αK(k)r )2
2

)
zsinθ dw′ dw′′ dzdε̄ dθ, (63)

where

J1 =w′′ sinθ + (
1− µ̂βα/m̂β)zcosθ, (64a)

J (k)r = {(
w′ − ζ α(k)r sinε̄

)2 + [
w′′ cosθ − ζ α(k)r cosε̄ − (

1− µ̂βα/m̂β)zsinθ
]2}1/2

, (64b)

K1 = (
µ̂βα/m̂α

)
zcosθ, (64c)

K(k)r = {[(
µ̂βα/m̂α

)
zsinθ + ζ α(k)r cosε̄

]2 + (
ζ α(k)r sinε̄

)2}1/2
. (64d)

Because of the property (61), we only need�βα0k
pqab for q > 0 and for q = 0, p � 0. For thesep and q,

equation (63) can be rewritten in the following form:
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�
βα0k
pqab =

√
2

π

∫ π/2

0

∫ π

0
Gkpqab(θ, ε̄)dε̄ dθ (q > 0), (65a)

�
βα0k
p0ab =

√
2

π

∫ π/2

0

∫ π

0

[
Gkp0ab(θ, ε̄)+ Gk−p,0,a,b(θ, ε̄)

]
dε̄ dθ (p � 0), (65b)

where

Gkpqab(θ, ε̄)= sinθ
∫ ∞

0
z;̃q(K1)

(√
m̂αK(k)r

)2b
exp

(
−(

√
m̂αK(k)r )

2

2

)
Hkpa(z, θ, ε̄)dz, (66a)

Hkpa(z, θ, ε̄)=
∫ ∞

−∞

∫ ∞

−∞
;̃p(J1)

(√
m̂βJ (k)r

)2a
exp

(
−(

√
m̂βJ (k)r )

2

2

)
dw′ dw′′. (66b)

In equation (65a) we have omitted the part[π/2, π ] of the integration with respect toθ because;̃q is
identically zero for the negative argument whenq > 0. In (65b), we have reduced the integral with respect
to θ in (63) to that over[0, π/2]. This can be done by splitting the integral into that over[0, π/2] and that over
[π/2, π ], changing the variables asw′′ = −w′′ andθ = π − θ in the latter, and taking into account the property
;̃p(−ζ1) = ;̃−p(ζ1). As shown in appendix B, equation (66b) can be integrated analytically. Therefore, the
final expression of�βα0k

pqab contains a triple integral with respect toz, ε̄, andθ . It is computed numerically by the
Gauss–Legendre formula (Ralston and Rabinowitz [35]). (In the actual computation, we carry out the numerical
integration using slightly different variables, i.e.,z̄, ε̄, andθ , as shown in appendix C.) Whenα = β,Hkpa does
not depend onz (appendix B), and thus the integration with respect toz in equation (66a) can be performed
analytically (see appendix C). Hence, the final expression of�αα0k

pqab contains double integral with respect to
ε̄ andθ , which is computed numerically by the Gauss–Legendre formula. In the case of a single-component
gas, the numerical kernel for the gain term is essentially the same as�αα0k

pqab (Ohwada [8]). Therefore, only the
double integral (with respect tōε andθ ) should be calculated numerically to generate the numerical kernel. In
the case of a binary mixture, one more integration (with respect toz) should be carried out numerically.

On the other hand, the integration with respect toφ̄ in equation (38) can be carried out and leads to the
following expression for̂ν[L]:

ν̂[L] = 2
√

2
∫ ∞

−∞

∫ ∞

0

[
(ζ∗1 − ζ1)2 + (ζ∗r + ζr)2]1/2E II

(
4ζ∗rζr

(ζ∗1 − ζ1)2 + (ζ∗r + ζr)2
)

× ζ∗rL(ζ∗1, ζ∗r )dζ∗r dζ∗1, (67)

whereEII is the complete elliptic integral of the second kind, i.e.,

EII (x)=
∫ π/2

0

(
1− x sin2 t

)1/2
dt (0 � x � 1). (68)

From equations (51b), (57a), and (67), the numerical kernelBβα0k
pa is expressed by

Bβα0k
pa = 2

√
2
∫ ∞

−∞

∫ ∞

0

[
ζ 2
∗1 + (

ζ∗r + ζ α(k)r

)2]1/2EII
(

4ζ∗r ζ α(k)r

ζ 2∗1 + (ζ∗r + ζ α(k)r )2

)

× ζ∗r(m̂βζ 2
∗r
)a

exp
(

−m̂
βζ 2∗r
2

)
;̃p(ζ∗1)dζ∗r dζ∗1. (69)

The two-fold integration with respect toζ∗1 andζ∗r in Bβα0k
pa is carried out numerically by the Gauss–Legendre

formula.
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5. Results of numerical analysis

In this section, we show the results of numerical analysis, choosing the point at whichn(X1)= (n− + n+)/2
to be the originX1 = 0 of theX1 coordinate.

5.1. Macroscopic quantities

To show the profiles of the molecular number densitiesnα andn, the flow velocities (in theX1 direction)vα1
andv1, and the temperaturesT α andT , we introduce the following quantities:

ñα(X1)= nα − nα−
nα+ − nα−

, ñ(X1)= n− n−
n+ − n−

, (70a)

ṽα1 (X1)= vα1 −U+
U− −U+

, ṽ1(X1)= v1 −U+
U− −U+

, (70b)

T̃ α(X1)= T α − T−
T+ − T−

, T̃ (X1)= T − T−
T+ − T−

, (70c)

whereα = A,B. The distributions of these variables are shown infigures 1–4: figure 1 is for M− = 1.5,
mB/mA = 0.5, anddBm/d

A
m = 1; figure 2for M− = 3, mB/mA = 0.5, anddBm/d

A
m = 1; figure 3for M− = 1.5,

mB/mA = 0.25, anddBm/d
A
m = 1; andfigure 4for M− = 2,mB/mA = 0.25, anddBm/d

A
m = 1. The downstream

valuesnα+, U+, T+, andM+ are given in the respective captions. The values ofn(X1), v1(X1), andT (X1) of
the total mixture, which are obtained from the values at the lattice points by interpolation, are also shown in
tables IandII for the cases corresponding tofigures 2and4. The macroscopic variables of the light component
(B-component) start to deviate from their upstream uniform values earlier than the corresponding variables
of the heavy component (A-component). Then, the number densitynB and flow velocityvB1 of the light
component reach their downstream uniform valuesnB+ andU+ earlier. However, the temperature of the heavy
componentT A rises more steeply and exceeds that of the light componentT B at a point inside the shock. Then,
the former approaches the downstream equilibrium temperature monotonically or once becomes higher than
the downstream temperature and then decreases to it (figures 2(c) and4(c)). These features appear more clearly
when the mass ratiomB/mA is small (figures 3and4).

The aforementioned nonmonotonic distribution of the temperatureT A of the heavy component manifests
itself when the concentration of the light componentχB− is large and the shock wave is not weak. This
phenomenon has already been shown by the computations in the early stages (Beylich [25], Bird [29]) and has
been known as the temperature overshoot (Bird [6,30]). As mentioned at the end of section 2.2, however, the
following T α∗ , which is different from ourT α, is often adopted as the temperature of the individual components
in the literature:

T α∗ = (
3knα

)−1
∫
mα(ξi − v1δi1)

2Fα dξ . (71)

The comparison ofT α∗ with T α is given infigure 5, whereT̃ α∗ is defined by

T̃ α∗ = (
T α∗ − T−

)
/(T+ − T−). (72)

As is seen from the figure, the overshoot is observed more clearly forT A∗ .
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Figure 1. Profiles of molecular number densities, flow velocities, and temperatures forM− = 1.5, mB/mA = 0.5, anddBm/d
A
m = 1: (a) χB− = 0.1,

(b) χB− = 0.5, and (c)χB− = 0.9. For thisM−, the downstream values arenα+ = 1.714nα− , U+ = 0.5833U− , T+ = 1.495T− , andM+ = 0.7157. Here,

the solid lines indicatẽn, ṽ1, andT̃ for the total mixture, the dashed linesñA, ṽA1 , andT̃ A for theA-component, and the dot–dash linesñB , ṽB1 , and

T̃ B for theB-component (see equation (70)).

5.2. Velocity distribution functions

Next we show the behavior of the velocity distribution functions.Figures 6–9show the nondimensional
velocity distribution functionsF̂ α(x1, ζ1, ζr) [= (2kT−/mA)3/2n−1− Fα(X1, ξ1, ξr); ξr = (ξ2

2 + ξ2
3 )

1/2] (α =
A,B) as functions ofζ1 [= (2kT−/mA)−1/2ξ1] and ζr [= (2kT−/mA)−1/2ξr ] at several points in the gas for
χB− = 0.5 anddBm/d

A
m = 1; figures 6and 7 are forM− = 3 andmB/mA = 0.5, andfigures 8and 9 are for

M− = 2 andmB/mA = 0.25. Here, in consistency with the figures and tables in section 5.1, the positions in the
gas are indicated by using the dimensional coordinateX1. The equilibrium distributions at upstream infinity
and those at downstream infinity are also shown in the figures. Compared with the upstream Maxwellians, the
downstream Maxwellians, the centers of which are shifted (fromU− to U+ in the dimensionalξi space), have
lower heights and larger extents because of the increase of the temperature at downstream infinity. The figures
clearly demonstrate the transition of the velocity distribution functions from the upstream to the downstream
Maxwellians. Infigures 6and7, corresponding to the peaks of the upstream and downstream Maxwellians, two
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Figure 2. Profiles of molecular number densities, flow velocities, and temperatures forM− = 3, mB/mA = 0.5, anddBm/d
A
m = 1: (a) χB− = 0.1,

(b) χB− = 0.5, and (c)χB− = 0.9. For thisM−, the downstream values arenα+ = 3nα−, U+ =U−/3, T+ = 3.667T− , andM+ = 0.5222. See the caption
of figure 1.

small lumps are observed both in̂FA and F̂ B in the transition region (figures 6(c)–6(e) and7(c)–7(e)). As is
seen from equations (21) and (22) and fromfigures 6–9, smaller mass ratiomB/mA makes the height of̂FB

lower and its extent larger for a fixedχB− .

In figures 10–13, we showF̂ A andF̂ B atζr = 0.15 as functions ofζ1 for several points in the gas.Figures 10–
13 correspond to the cases offigures 1–4, respectively, but the results forχB− = 0.95 are also included in the
former figures.

5.3. Comparison with the DSMC computation

We have also carried out the computation of the problem by means of the standard DSMC method by Bird [6]
for hard-sphere molecules in several cases. We here give some comparisons of the DSMC result with our present
computation.Figure 14shows the profiles of the macroscopic variables corresponding tofigures 2(b) and4(b),
i.e.,M− = 3,χB− = 0.5,mB/mA = 0.5, anddBm/d

A
m = 1 (figure 14(a)), andM− = 2,χB− = 0.5,mB/mA = 0.25,

anddBm/d
A
m = 1 (figure 14(b)). In the figures, the DSMC results are shown by the symbols•, ◦, and�, whereas
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Figure 3. Profiles of molecular number densities, flow velocities, and temperatures forM− = 1.5, mB/mA = 0.25, anddBm/d
A
m = 1: (a)χB− = 0.1,

(b) χB− = 0.5, and (c)χB− = 0.9. For thisM− , the downstream values arenα+ = 1.714nα− , U+ = 0.5833U− , T+ = 1.495T−, andM+ = 0.7157. See the
caption offigure 1.

the results of our present computation by the solid, dashed, and dot-dash lines as infigures 1–4. On the other
hand,figure 15shows the comparison of the velocity distribution function for the case offigure 14(a). To be
more specific, the dimensionless velocity distribution functionsF̂ A and F̂ B at ζr = 0.15 and 1.35 are shown
as the functions ofζ1 for three points in the gas. The DSMC results show good agreement with those of the
present computation for the velocity distribution function as well as for the macroscopic variables. The data
about the present DSMC computation are as follows: 400 cells of a uniform size with length of 0.1l− are used,
and the average number of simulation particles per cell is about 250 for each component infigure 14(a) and
about 200 for each component infigure 14(b); the time step is 0.01t−, wheret− = l−(2kT−/mA)−1/2; after the
steady state has been established, the time average of 10000 samples with sampling interval 0.5t− is taken, and
the average is shown infigures 14and15. The short vertical bar above the profiles infigure 14indicates the
standard deviation of the 10000 samples forñ at the corresponding point, and that below the profiles indicate
the larger value of the standard deviation forñA and that forñB .
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Table I. The distributions of the molecular number densityn, flow velocity v1, and temperatureT of the total mixture forM− = 3,mB/mA = 0.5, and
dBm/d

A
m = 1 (cf. figure 2).

n/n− v1/(2kT−/mA)1/2 T /T−
X1/l− χB− = 0.1 χB− = 0.5 χB− = 0.9 χB− = 0.1 χB− = 0.5 χB− = 0.9 χB− = 0.1 χB− = 0.5 χB− = 0.9

−∞ 1.000 1.000 1.000 2.810 3.162 3.693 1.000 1.000 1.000

−6 1.001 1.001 1.001 2.807 3.158 3.688 1.008 1.009 1.009

−5 1.004 1.004 1.004 2.800 3.150 3.679 1.027 1.028 1.028

−4 1.012 1.013 1.013 2.778 3.125 3.649 1.084 1.087 1.088

−3 1.039 1.042 1.040 2.708 3.048 3.556 1.261 1.262 1.269

−2 1.127 1.134 1.131 2.501 2.821 3.281 1.748 1.732 1.758

−1.5 1.229 1.238 1.234 2.298 2.599 3.016 2.168 2.135 2.174

−1 1.400 1.409 1.406 2.019 2.294 2.654 2.659 2.607 2.656

−0.5 1.662 1.669 1.667 1.700 1.941 2.243 3.101 3.040 3.088

0 2.000 2.000 2.000 1.412 1.614 1.869 3.397 3.342 3.380

0.5 2.344 2.338 2.338 1.203 1.373 1.595 3.552 3.511 3.536

1 2.617 2.610 2.609 1.076 1.223 1.425 3.621 3.595 3.610

1.5 2.794 2.788 2.786 1.007 1.140 1.331 3.650 3.634 3.643

2 2.893 2.890 2.888 0.972 1.097 1.282 3.662 3.652 3.657

3 2.973 2.972 2.971 0.945 1.065 1.244 3.667 3.664 3.665

4 2.993 2.993 2.992 0.939 1.057 1.234 3.667 3.666 3.666

5 2.998 2.998 2.998 0.937 1.055 1.232 3.666 3.666 3.666

∞ 3.000 3.000 3.000 0.937 1.054 1.231 3.667 3.667 3.667

Table II. The distributions of the molecular number densityn, flow velocity v1, and temperatureT of the total mixture forM− = 2,mB/mA = 0.25,
anddBm/d

A
m = 1 (cf. figure 4).

n/n− v1/(2kT−/mA)1/2 T /T−
X1/l− χB− = 0.1 χB− = 0.5 χB− = 0.9 χB− = 0.1 χB− = 0.5 χB− = 0.9 χB− = 0.1 χB− = 0.5 χB− = 0.9

−∞ 1.000 1.000 1.000 1.898 2.309 3.203 1.000 1.000 1.000

−8 1.001 1.002 1.001 1.897 2.306 3.200 1.001 1.004 1.002

−6 1.004 1.010 1.006 1.892 2.293 3.187 1.010 1.021 1.014

−4 1.026 1.050 1.037 1.857 2.232 3.107 1.065 1.098 1.087

−3 1.065 1.105 1.088 1.794 2.148 2.984 1.159 1.198 1.195

−2 1.157 1.211 1.195 1.658 1.992 2.749 1.347 1.366 1.381

−1.5 1.238 1.291 1.280 1.552 1.882 2.587 1.479 1.474 1.496

−1 1.348 1.392 1.386 1.426 1.753 2.404 1.620 1.588 1.613

−0.5 1.486 1.511 1.510 1.292 1.614 2.218 1.752 1.700 1.720

0 1.643 1.643 1.643 1.167 1.478 2.042 1.860 1.798 1.811

0.5 1.799 1.776 1.773 1.063 1.357 1.889 1.938 1.878 1.882

1 1.938 1.899 1.890 0.985 1.258 1.764 1.991 1.940 1.937

2 2.129 2.088 2.068 0.894 1.127 1.592 2.046 2.015 2.006

3 2.222 2.194 2.174 0.855 1.062 1.498 2.066 2.050 2.042

4 2.261 2.246 2.230 0.840 1.033 1.449 2.073 2.065 2.060

6 2.283 2.279 2.273 0.832 1.014 1.413 2.077 2.075 2.073

8 2.286 2.285 2.283 0.831 1.011 1.404 2.077 2.077 2.076

∞ 2.286 2.286 2.286 0.831 1.010 1.401 2.078 2.078 2.078
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Figure 4. Profiles of molecular number densities, flow velocities, and temperatures forM− = 2, mB/mA = 0.25, anddBm/d
A
m = 1: (a) χB− = 0.1,

(b) χB− = 0.5, and (c)χB− = 0.9. For thisM− , the downstream values arenα+ = 2.286nα− , U+ = 0.4375U− , T+ = 2.078T−, andM+ = 0.6070. See the
caption offigure 1.

6. Data for computation and its accuracy

In this section, we use the originalX1 (or x1) coordinate system, not the rearranged system used in section 5,
unless the contrary is stated.

6.1. Lattice systems

We first summarize the lattice systems that are used in the actual computation. For the molecular velocity
space, the four lattice systems (M1), (M2), (M3), and (M4) given intable III are used (see equations (52) and
(55)). The reason why the bar is put on M1 and M2 is that, in (M1) and (M2) systems,ζr -lattice points slightly
different from those explained in section 4.2 (cf. equation (52)) are used. That is, we assume the form

F̂
α(n)
i

(
ζ
α(j)
1 , ζr

) = exp
(

−ζ
2
r

2

)H−1∑
m=0

a
α(n)
ijm Lm

(
ζ 2
r

)
, (73)
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Figure 5. Profiles ofT α and T α∗ (α = A,B) for dBm/d
A
m = 1: (a)M− = 3, mB/mA = 0.5, χB− = 0.9, (b)M− = 3, mB/mA = 0.5, χB− = 0.95,

(c)M− = 2,mB/mA = 0.25,χB− = 0.9, and (d)M− = 2,mB/mA = 0.25,χB− = 0.95. Here, the solid line indicates̃T A andT̃ B (see equation (70c)),

and the dashed linẽT A∗ andT̃ B∗ (see equation (72)).

Table III. Lattice systems in the molecular velocity space.

Nm Np h H ζ
(−Nm)
1 ζ

(Np)

1 ζ
α(1)
r or ζ (1)r ζ

α(H)
r or ζ (H)r

(M1) 26 34 0.25 14 −6.5 8.5 0.3158 6.6608

(M2) 44 56 0.15 14 −6.6 8.4 0.3158 6.6608

(M3) 60 73 0.15 14 −9.0 10.95 0.3158/
√
m̂α 6.6608/

√
m̂α

(M4) 66 81 0.15 14 −9.9 12.15 0.3158/
√
m̂α 6.6608/

√
m̂α

(M5) 44 56 0.15 18 −6.6 8.4 0.2796 7.6870

(M6) 60 73 0.15 18 −9.0 10.95 0.2796 7.6870

(M7) 44 56 0.15 14 −6.6 8.4 0.3158/
√
m̂α 6.6608/

√
m̂α

(M8) 60 73 0.15 14 −9.0 10.95 0.3158/
√
m̂α 6.6608/

√
m̂α

instead of equation (44) and use

ζ α(k)r = ζ (k)r = √
yk (k = 1, . . . ,H), (74)

instead of equation (52). As a result, the forms of numerical kernels�
βα0k
pqab andBβα0k

pa undergo slight changes
(in fact,�AA0k

pqab =�BB0k
pqab holds andBβα0k

pa becomes independent of the labelsα andβ, which are the advantage
of this choice). Since the changes are rather straightforward, we omit them here. This choice works when the
molecular massesmA andmB are not very different (0.5 �mB/mA whenmB <mA). The edges of the domain
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Figure 6. Dimensionless velocity distribution function̂FA at eight points in the gas forM− = 3, χB− = 0.5, mB/mA = 0.5, anddBm/d
A
m = 1 (cf.

figure 2(b)): (a) X1/l− = −∞, (b) X1/l− = −1, (c) X1/l− = −0.2, (d)X1/l− = 0.3, (e)X1/l− = 0.6, (f) X1/l− = 0.9, (g)X1/l− = 1.4, and
(h)X1/l− = ∞.

in ζ1, i.e., ζ (−Nm)1 andζ
(Np)

1 , and the first and last lattice points inζr , i.e., ζ α(1)r andζ α(H)r (or ζ (1)r andζ (H)r ),
for the systems (M1), (M2), (M3), and (M4) are also shown intable III. The computer memory required for
the numerical kernels corresponding to these four systems is: (M1): 263MB, (M2): 720MB, (M3): 1.4GB, and
(M4): 1.7GB.
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Figure 7. Dimensionless velocity distribution function̂FB at eight points in the gas forM− = 3, χB− = 0.5, mB/mA = 0.5, anddBm/d
A
m = 1 (cf.

figure 2(b)): (a) X1/l− = −∞, (b) X1/l− = −1, (c) X1/l− = −0.2, (d)X1/l− = 0.3, (e)X1/l− = 0.6, (f) X1/l− = 0.9, (g)X1/l− = 1.4, and
(h)X1/l− = ∞.

The lattice system for the space coordinatex1 is defined by

x
(i)
1 = fδx̄(i)1 (i = −ND, . . . ,0, . . . ,ND), (75)

where
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Figure 8. Dimensionless velocity distribution function̂FA at eight points in the gas forM− = 2, χB− = 0.5, mB/mA = 0.25, anddBm/d
A
m = 1 (cf.

figure 4(b)): (a) X1/l− = −∞, (b) X1/l− = −2, (c) X1/l− = −1, (d) X1/l− = −0.2, (e) X1/l− = 0.4, (f) X1/l− = 1, (g) X1/l− = 2, and
(h)X1/l− = ∞.

fδ =
√
mB

mA
χA− + χB−√

mB

mA
(χA− )2 + 2

(
dBAm
dAm

)2√
mB+mA

2mA χA−χB− +
(
dBm
dAm

)2
(χB− )2

, (76a)

x̄
(i)
1 = 50d ′

ND
i +

[
erf(3.5)− erf

(
3.5× ND − i

ND

)]
(D′ − 50d ′) (i = 0, . . . ,ND − 1), (76b)
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Figure 9. Dimensionless velocity distribution function̂FB at eight points in the gas forM− = 2, χB− = 0.5, mB/mA = 0.25, anddBm/d
A
m = 1 (cf.

figure 4(b)): (a) X1/l− = −∞, (b) X1/l− = −2, (c) X1/l− = −1, (d) X1/l− = −0.2, (e) X1/l− = 0.4, (f) X1/l− = 1, (g) X1/l− = 2, and
(h)X1/l− = ∞.

x̄
(ND)
1 =D′, (76c)

x̄
(−i)
1 = −x̄(i)1 , (76d)

and erf(x) is the error function defined by (B11). Equation (75) means that theX1 coordinate is rescaled byfδl−
and then the lattice points are set in the rescaled coordinateX1/fδl−. This is because in theX1/fδl− coordinate,
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Figure 10. Dimensionless velocity distribution functionŝFA andF̂ B at ζr = 0.15 forM− = 1.5, mB/mA = 0.5, anddBm/d
A
m = 1: (a) F̂A , (b) F̂ B .

The F̂A andF̂ B at several points in the gas are shown forχB− = 0.1, χB− = 0.5, χB− = 0.9, andχB− = 0.95.

the shock thickness is less sensitive to the change in the parametersmB/mA, dBm/d
A
m , andχB− than in theX1/ l−

(or x1) coordinate. However,fδ is almost unity (0.973< fδ < 1) for the values of the parameters chosen in our
computation. We use the following two systems for the computation:
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Figure 11. Dimensionless velocity distribution functionŝFA andF̂ B at ζr = 0.15 forM− = 3,mB/mA = 0.5, anddBm/d
A
m = 1: (a) F̂A, (b) F̂ B . See

the caption offigure 10.

(S1):D′ = 10
√
π (= 17.7245), ND = 25,d ′ = 0.05

√
π (= 0.088623),

(S2):D′ = 10
√
π , ND = 50,d ′ = 0.05

√
π .
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Figure 12. Dimensionless velocity distribution functionŝFA andF̂ B at ζr = 0.15 forM− = 1.5,mB/mA = 0.25, anddBm/d
A
m = 1: (a) F̂A , (b) F̂ B .

See the caption offigure 10.

The lattice interval is minimum atx1 = 0 (x(1)1 − x
(0)
1 = 0.1773fδ for (S1) and 0.08863fδ for (S2)) and

increases, with the increase of|x1|, to the maximum value at the edge of the domain,|x1| = 17.7245fδ
(x(ND)1 − x(ND−1)

1 = 2.264fδ for (S1) and 1.137fδ for (S2)).
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Figure 13. Dimensionless velocity distribution functionŝFA andF̂ B at ζr = 0.15 forM− = 2,mB/mA = 0.25, anddBm/d
A
m = 1: (a)F̂A , (b) F̂ B . See

the caption offigure 10.

The data for (M− = 1.5,mB/mA = 0.5) in section 5 are based on the (M2; S2) system, those for (M− = 3,
mB/mA = 0.5) are based on the (M3; S2) system, and those formB/mA = 0.25 are based on the (M4; S2)
system. The (M1) and (S1) systems are used for accuracy test. The computing time for one iteration (the steps
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Figure 14. Comparison with the DSMC results; profiles of molecular number densities, flow velocities, and temperatures: (a)M− = 3, χB− = 0.5,

mB/mA = 0.5, anddBm/d
A
m = 1 (seefigure 2(b)), (b)M− = 2, χB− = 0.5,mB/mA = 0.25, anddBm/d

A
m = 1 (seefigure 4(b)). The results obtained by

the DSMC method are shown by the symbols• (ñ, ṽ1, andT̃ ), ◦ (ñA, ṽA1 , andT̃ A), and� (ñB , ṽB1 , andT̃ B ). The results by the present finite-difference

method are shown by the solid line (ñ, ṽ1, andT̃ ), dashed line (̃nA, ṽA1 , andT̃ A), and dot–dash line (ñB , ṽB1 , andT̃ B ). The short vertical bar above
the profiles indicates the standard deviation of the samples forñ at the corresponding point, and that below the profiles the larger value of the standard

deviation forñA and that forñB .

(i)–(iv) in section 4.1) in a parallel computation using ten CPU’s on a VPP800 computer (see the last paragraph
of section 7) is as follows: 9 sec for (M1; S2) system; 46 sec for (M2; S2) system; 99 sec for (M3; S2) system;
and 142 sec for (M4; S2) system.

6.2. Criterion for convergence

In order to save the number of iterations, we use the following initial distributionsF̂
α(0)
ijk . For χB− = 0.5,

we first compute the corresponding numerical solution of the model Boltzmann equation proposed by Garzó
et al. [36] by a finite-difference method and use the solution asF̂

α(0)
ijk . Then we carry out the iteration process

described in section 4.1 to obtain the desired solution forχB− = 0.5. For other values ofχB− , we useF̂ α(0)ijk

obtained by suitable modification of the solution (of the Boltzmann equation) forχB− = 0.5.

In the actual computation, however, even after the profiles of the macroscopic variables seem to have
converged, the profiles move by a small but almost constant value in each iteration. This is due to the fact
that the Rankine–Hugoniot relation (1) is not satisfied exactly because of the computational error. Therefore,
we set the following criterion for the convergence. Let us denote byn̂(m)(x1) the dimensionless number density
n(X1)/n− of the total mixture corresponding to the solutionF̂ α(m)ijk at themth step of iteration, and let us denote
bySm thex1 coordinate at whicĥn(m)(x1) takes the value(1+n+/n−)/2 (i.e.,n(atmth iteration)= (n−+n+)/2
at x1 = Sm). That is,x1 = Sm is the ‘center’ of the shock wave at themth iteration. Now we introduce the shift
of the center in 20 steps, i.e.,

(1S)20l = S20l − S20(l−1) (l = 1,2, . . .). (77)

Then, we examine the change of the profile of the number density relative to the center in the 20 steps, i.e., we
introduce the following quantity:
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Figure 15. Comparison with the DSMC results; dimensionless velocity distribution functionsF̂A andF̂ B at ζr = 0.15 and 1.35 forM− = 3,χB− = 0.5,

mB/mA = 0.5, anddBm/d
A
m = 1: (a)X1/l− = −0.45, (b)X1/l− = 0.55, (c)X1/l− = 1.05. The results obtained by the DSMC method are shown by

• (F̂A) and◦ (F̂ B ). The results by the present finite-difference method by solid line (F̂A) and dashed line (̂FB ).

(1n̂)20l = max
i

{∣∣n̂(20l)(x(i)1 + (1S)20l
)− n̂(20(l−1))(x(i)1

)∣∣ at i = 0,±5,±10. . .
(|i|<ND)}. (78)

Here, the valueŝn(20l)(x
(i)
1 + (1S)20l) are computed by means of interpolation. When the condition(1n̂)20l <

10−5 is satisfied, we stop the iteration judging that the solution has converged. Then, we regard the result of the
last iteration as the desired steady solution. The necessary iteration stepsn∗, the shift of the center(1S)n∗ in
the final 20 steps, and the difference|(1S)n∗ − (1S)n∗−20| between the shift in the final 20 steps and that in the
preceding 20 steps in the cases offigures 1(b), 2(b), 3(b), and4(b) are as follows:

n∗ = 280, (1S)n∗ = 2.80× 10−3, |(1S)n∗ − (1S)n∗−20| = 4.83× 10−5 for figure 1(b);
n∗ = 320, (1S)n∗ = 7.34× 10−4, |(1S)n∗ − (1S)n∗−20| = 1.90× 10−6 for figure 2(b);
n∗ = 360, (1S)n∗ = 8.50× 10−3, |(1S)n∗ − (1S)n∗−20| = 7.36× 10−5 for figure 3(b);
n∗ = 480, (1S)n∗ = 2.70× 10−3, |(1S)n∗ − (1S)n∗−20| = 1.45× 10−5 for figure 4(b).
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The initial distributionsF̂ α(0)ijk are arranged in such a way that the center of the shock at the final stage
of iteration stays in the vicinity of the origin of the original coordinate system. As a result, if we denote by
x1 = Sn∗ the position of the center at the final stage,|Sn∗ | is less than 0.6 for all the cases in section 5.

6.3. Accuracy of computation

The accuracy of computation can be estimated by comparing the macroscopic quantities for the different
lattice systems. Letσ (M,S) representn, v1, andT obtained by the use of lattice systems (M, S) (M= M1, M2,
and M3, and S=S1 and S2). We introduce the maximum difference of the two results based on two different
lattice systems (M, S) and (M′, S′) by

D(M ′,S′;M,S)= max
σ=n,v1,T

(
max
X1

|σ (M ′,S′)− σ (M,S)|
σ (M,S)

)
, (79)

where|σ (M ′,S′)−σ (M,S)|/σ (M,S) is evaluated at about 2000 uniformly distributed points in the rearranged
X1 coordinate system (see the first sentence of section 5) by means of interpolation, and the maximum with
respect toX1 is taken over these points. The values ofD for some test computations formB/mA = 0.5,
dBm/d

A
m = 1, andM− = 1.5 or 2 are given as follows.

D(M1,S2;M2,S2)=



8.09× 10−4 (M− = 1.5, χB− = 0.95),

1.97× 10−3 (M− = 2, χB− = 0.1),

1.23× 10−3 (M− = 2, χB− = 0.5),

6.57× 10−4 (M− = 2, χB− = 0.9),

5.78× 10−4 (M− = 2, χB− = 0.95),

D(M1,S2;M3,S2)= 1.30× 10−3 (M− = 2, χB− = 0.5),

D(M2,S2;M3,S2)= 4.17× 10−4 (M− = 2, χB− = 0.5),

D(M2,S1;M2,S2)= 1.46× 10−3 (M− = 2, χB− = 0.5).

Another measure of accuracy is given by the conservation laws. That is, by integrating equation (5)
(α = A,B),

∑
α=A,B[mαξ1 × equation (5)], and

∑
α=A,B[mαξ2

j × equation (5)] over the whole space ofξi
respectively and by taking into account the fact that the gas is in the equilibrium distribution (10) (for allξ1) at
upstream infinity, we have

J αM =
∫
ξ1F

α dξ = nα−U−, (80a)

JP =
∫ ∑
α=A,B

mαξ2
1F

α dξ = kn−T− + ρ−U2
−, (80b)

JE = 1

2

∫ ∑
α=A,B

mαξ1ξ
2
j F

α dξ = 1

2
U−

(
5kn−T− + ρ−U2

−
)
, (80c)

whereρ− = ∑
α=A,B mαnα−. Here,J αM , JP , andJE are, respectively, the flux in theX1 direction of the particle

of theα-component, that of theX1 component of the total momentum, and that of the total energy. TheJ αM ,
JP , andJE do not depend onX1 theoretically. But, in the actual computation, the values of these fluxes deviate
slightly from the RHS’s of equation (80) and vary withX1 because of the computational error. This deviation
provides a measure of accuracy of the computation. Let us denote by(J αM)c, (JP )c, and(JE)c the fluxesJ αM , JP ,
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andJE obtained by the numerical computation and by(J αM)e, (JP )e, and(JE)e their exact values (i.e., RHS’s
of equation (80)). Then, we introduce the following relative difference:

E = max
J=J α

M
,JP ,JE

(
max
X1

∣∣[(J )c − (J )e]/(J )e∣∣), (81)

where the maximum with respect toX1 is taken over the original lattice points. For the results shown in
section 5, we give the estimate ofE here. FormB/mA = 0.5 anddBm/d

A
m = 1 (cf. figures 1, 2, 10, and11),

E �


4.55× 10−4 (M− = 1.5, χB− = 0.1),

1.77× 10−4 (M− = 1.5, χB− = 0.5, 0.9, 0.95),

2.12× 10−4 (M− = 3, χB− = 0.1, 0.5),

3.51× 10−4 (M− = 3, χB− = 0.9, 0.95),

and formB/mA = 0.25 anddBm/d
A
m = 1 (cf. figures 3, 4, 12, and13),

E �


5.71× 10−4 (M− = 1.5, χB− = 0.1, 0.5),

3.72× 10−4 (M− = 1.5, χB− = 0.9, 0.95),

3.19× 10−4 (M− = 2, χB− = 0.1, 0.5, 0.9, 0.95).

Next, we give some information about the values of the velocity distribution functions at (or near)
the edges of the range of computation inX1 and ξ1 for the results given in section 5. For convenience,
we use the nondimensional form in the following discussions. LetF̂ α−(ζ1, ζr) and F̂ α+(ζ1, ζr) denote the
upstream Maxwellian (equation (21) for allζ1) and the downstream one (equation (22) for allζ1),
respectively. Then, the maxima of̂Fα− and F̂ α+ are, respectively,(F̂ α−)max = π−3/2(m̂α)3/2χα− and (F̂ α+)max =
π−3/2(m̂α)3/2χα−(nα+/nα−)(T+/T−)−3/2. At the edge of the computational range inζ1, i.e., atζ1 = ζ (−Nm)1 and

ζ
(Np)

1 (cf. table III), the values ofF̂ α are

F̂ A/
(
F̂ A−

)
max �

{
1.95× 10−12 (M− = 1.5, 3, mB/mA = 0.5),

4.35× 10−19 (M− = 1.5, 2, mB/mA = 0.25),

F̂ B/
(
F̂ B−

)
max�


1.62× 10−8 (M− = 1.5, mB/mA = 0.5, 0.25),

1.10× 10−6 (M− = 3, mB/mA = 0.5),

8.08× 10−7 (M− = 2, mB/mA = 0.25).

It is noted that the range inζr is not truncated in our computation. On the other hand, the computational range
in x1 is |x1| �D (= 17.7245fδ ) (cf. section 6.1). Let us introduce the following maximum difference between
F̂ α andF̂ α+ and that between̂Fα andF̂ α− :[

1F̂α
]
± = max

ζ1,ζr

∣∣F̂ α − F̂ α±
∣∣/(F̂ α±)max. (82)

For−D � x1<−14.5fδ ,

[
1F̂α

]
− �


3.31× 10−5 (M− = 1.5, 3, mB/mA = 0.5),

2.60× 10−4 (M− = 1.5, mB/mA = 0.25),

2.69× 10−5 (M− = 2, mB/mA = 0.25),
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and for 14.5fδ < x1 �D,

[
1F̂α

]
+ �

{
1.88× 10−3 (M− = 1.5, 3, mB/mA = 0.5),

2.67× 10−3 (M− = 1.5, 2, mB/mA = 0.25),

wherex1 is the original coordinate system.

Since the size of the present computation is quite large, we cannot perform the accuracy test in a more
systematic way. However, concerning the accuracy of the collision integrals, we can obtain a measure of
accuracy by computing the gain and loss terms numerically for Maxwellian distributions and comparing
the result with the exact values. If we insertF̂ α− and F̂ α+ in the RHS of equation (16), each collision term
Ĝβα[F̂ β±, F̂ α±] − ν̂[F̂ β±]F̂ α± vanishes, and therefore, we have

Ĝβα
[
F̂
β
±, F̂ α±

]= ν̂[F̂ β±]F̂ α± = Fβα± (ζ1, ζr). (83)

The middle termν̂[F̂ β±]F̂ α± can be calculated exactly and gives the exactFβα± (ζ1, ζr). On the other hand, the

numerical values corresponding to the first and second terms, sayĜ
βα
±jk andν̂βα±jkF̂ α±jk [F̂ α±jk = F̂ α±(ζ (j)1 , ζ α(k)r )],

can be computed from equations (50a) and (50b) and equation (54a) withF̂
α(n)
ijk = F̂ α±jk . We compareĜβα±jk

andν̂βα±jkF̂ α±jk with Fβα± (ζ1, ζr) to get an estimate of the accuracy. In this check, if we compare the values only

for a fixed ζr -lattice pointζ α(k)r , we need to construct the numerical kernels�βα0k
pqab andBβα0k

pa only for the
ζ α(k)r , so that a more variety of the lattice systems for theζ1ζr -plane can be checked. We consider the lattice
systems (M5), (M6), (M7), and (M8) intable III in addition to (M1), (M2), (M3), and (M4). The bar on (M5),
etc., has the same meaning as in (M1) and (M2). Let us introduce the following maximum difference relative
to the maximum value ofFβα± :

Gβα± = max
j

∣∣Ĝβα±jk − Fβα±
(
ζ
(j)
1 , ζ α(k)r

)∣∣/max
ζ1

Fβα± , (84a)

Lβα± = max
j

∣∣ν̂βα±jkF̂
α
±jk − Fβα±

(
ζ
(j)
1 , ζ α(k)r

)∣∣/max
ζ1

Fβα± . (84b)

In the case ofdBm/d
A
m = 1 andχB− = 0.1, 0.5, 0.9, and 0.95, theGβα± andLβα± for ζ α(k)r = ζ α(1)r [or ζ α(k)r = ζ (1)r ]

(cf. table III) are estimated as follows:

Gβα± � 3.23× 10−4, Lβα± � 4.61× 10−5 [for (M1)],
Gβα± � 3.98× 10−5, Lβα± � 6.31× 10−6 [for (M2), (M5),and(M6)],

forM− = 1.5 andmB/mA = 0.5;

Gβα± � 3.93× 10−5, Lβα± � 5.28× 10−6 [for (M3)],
Gβα± � 1.33× 10−4, Lβα± � 2.81× 10−4 [for (M7)],

forM− = 3 andmB/mA = 0.5; and

Gβα± � 3.93× 10−5, Lβα± � 5.28× 10−6 [for (M4) and(M8)],

forM− = 1.5 and 2 andmB/mA = 0.25.
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7. Concluding remarks

In the present study, we have investigated the structure of a normal shock wave for a binary gas mixture
on the basis of the Boltzmann equation for hard-sphere molecules. Extending the numerical kernel method
developed in Ohwada [8] for a single component gas to the case of a binary mixture, we have constructed an
accurate method to compute the collision integrals (sections 4.2 and 4.3). Then, we have analyzed the problem
by an accurate finite-difference method in which the numerical kernel method is incorporated (section 4.1). As
a result, the transition from the upstream to the downstream state was clarified for the velocity distribution
functions as well as for the macroscopic variables (section 5). The accuracy of the computation was also
examined carefully (section 6.3). The numerical kernels constructed in the present study can be applied to
any problems in which the velocity distribution functions are of the form of equation (28).

In the present method, the collision integrals are approximated by using the values of the velocity distribution
functions at the discrete lattice points in the molecular velocity space. One of the important mathematical
questions relevant to this type of method is whether or not the approximated collision integrals converge
to the real collision integrals of the Boltzmann equation when the lattice interval in the molecular velocity
space tends to zero. For a single-component gas, a positive answer was given recently for some different
types of discretization of the collision integral (Bobylev et al. [37], Rogier and Schneider [38], Panferov and
Heintz [39]). In all of them, the discretization is made in such a way that the mass, momentum, and energy are
conserved exactly in each collision. In this point, these conservative methods (or discrete velocity models) are
different from the methods of Ohwada [8] and the present study, in which the conservation laws are not satisfied
artificially but are satisfied approximately within the error of computation. In the latter methods, therefore, the
conservation laws can be used as a measure of accuracy (see section 6.3).

The present computation was carried out on Fujitsu VPP800/63 computer at the Data Processing Center,
Kyoto University, Fujitsu VPP800/12 computer at the Institute of Space and Astronautical Science, and VT-
Alpha 533 and 600 Workstations at the Section of Dynamics in Aeronautics and Astronautics, Department of
Aeronautics and Astronautics, Kyoto University.

Appendix A. Derivation of equations (53) and (54)

The Christoffel–Darboux formula (Abramowitz and Stegun [34]) for a system of orthonormal polynomials
gives the following relation for the Laguerre polynomials:

(x − y)
H−1∑
s=0

Ls(x)Ls(y)= (cH−1,H−1/cHH )
[
LH(x)LH−1(y)−LH(y)LH−1(x)

]
. (A1)

Noting thatLH(x) = cHH ∏H
l=1(x − yl), whereyl are the zeros ofLH(x), we puty = yk in equation (A1).

Then, using the continuity of polynomials, we have

H∏
l=1 ( �=k)

(x − yl)= 1

cH−1,H−1LH−1(yk)

H−1∑
l=0

Ll(yk)Ll(x) (k = 1, . . . ,H), (A2)

for all x > 0.

Now let us consider equation (44) withHα = H and suppose thatζ α(k)r = √
yk/m̂α (or m̂α(ζ α(k)r )2 = yk)

(equation (52)). For simplicity, let us put
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m̂αζ 2
r ≡ x, F̂

α(n)
i

(
ζ
α(j)
1 , ζr

)
exp

(
m̂αζ 2

r

2

)
≡ f αij (x),

F̂
α(n)
ijk exp

(
m̂α(ζ α(k)r )2

2

)
= F̂ α(n)ijk exp

(
yk

2

)
≡ f αijk.

Then, equation (44) is written as

f αij (x)=
H−1∑
l=0

a
α(n)
ij l Ll(x). (A3)

On the other hand, from the choice ofaα(n)ij l (see equation (47) and the sentences below it),f αij (x) is expressed
as

f αij (x)=
H∑
k=1

f αijk

H∏
s=1 ( �=k)

x − ys
yk − ys . (A4)

By equating the RHS’s of (A3) and (A4) and using (A2), we obtain

H−1∑
l=0

a
α(n)
ij l Ll(x)=

H∑
k=1

f αijk
1

cH−1,H−1LH−1(yk)
∏H
s=1 ( �=k)(yk − ys)

H−1∑
s=0

Ls(yk)Ls(x). (A5)

If we integrate equation (A5) multiplied by exp(−x)Lm(x) with respect tox from 0 to infinity, we have, from
the orthogonality relation (46), the following expression ofa

α(n)
ijm , i.e., equations (53a) and (53b):

a
α(n)
ijm =

H∑
k=1

f αijk
Lm(yk)

cH−1,H−1LH−1(yk)
∏H
s=1 ( �=k)(yk − ys)

. (A6)

By the use of (53a), equation (A3) is written as

f αij (x)=
H−1∑
l=0

(
H∑
k=1

wlkF̂
α(n)
ijk

)
Ll(x). (A7)

Using the expressionLl(x)= ∑l
m=0 cmlx

m and changing the order of summations, we obtain

f αij (x)=
H−1∑
m=0

(
H∑
k=1

F̂
α(n)
ijk

H−1∑
l=m
cmlwlk

)
xm. (A8)

The comparison of (A8) with (48) gives

A
α(n)
ijm =

H∑
k=1

F̂
α(n)
ijk

H−1∑
l=m
cmlwlk, (A9)

which is equivalent to equations (54a) and (54b).
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Appendix B. Integration of equation (66b)

Let us introduce the following integral:

H̃kla (x0, x1, z, θ, ε̄)=
∫ ∞

−∞

∫ ∞

−∞
J l1U(J1;x0, x1)

(√
m̂βJ (k)r

)2a
exp

(
−(

√
m̂βJ (k)r )

2

2

)
dw′ dw′′, (B1)

where

U(t;x0, x1)=
{

1 (x0< t < x1),

0 (otherwise).
(B2)

Then,Hkpa(z, θ, ε̄) in equation (66b) is expressed by a linear combination ofH̃kla (x0, x1, z, θ, ε̄) (l = 0,1,2).
For example,Hk1a is expressed as follows:

Hk1a(z, θ, ε̄)=
[−H̃k2a (0,2h, z, θ, ε̄)+ 2hH̃k1a (0,2h, z, θ, ε̄)

]
/h2. (B3)

Therefore, the calculation of (66b) is reduced to that of (B1). The integration of (B1) can be carried out
analytically and gives the following expression ofH̃kla : H̃

k2
a (x0, x1, z, θ, ε̄)

H̃k1a (x0, x1, z, θ, ε̄)

H̃k0a (x0, x1, z, θ, ε̄)

 = B̃k
 Ỹ

k2
a

Ỹ k1a

Ỹ k0a

 , (B4)

where

B̃k = 1

(m̂β)2


sin2 θ

cos3 θ 0 0

0 sinθ
cos2 θ 0

0 0 1
cosθ


1 2ζ α(k)r cosε̄ (ζ α(k)r cosε̄)2

0 1 ζ α(k)r cosε̄

0 0 1




1 2
√
m̂βδβα z

sinθ m̂β
(
δβα z

sinθ

)2

0
√
m̂β m̂βδβα z

sinθ

0 0 m̂β

 ,
(B5)

δβα = (
m̂β − m̂α)/(m̂β + m̂α), (B6)

Ỹ kla =
a∑
r=0

(
a

r

)
g̃a−r × q̃k2r+l (l = 0,1,2), (B7)

q̃ks =Es(√m̂βZ1
)−Es(√m̂βZ0

)
, (B8)

Zi = xi cotθ − ζ α(k)r cosε̄ − δβα z

sinθ
(i = 0,1). (B9)

Here,
(0

0

) = 1;Es(x) is defined by

Es(x)=
∫ x

0
t s exp

(−t2/2)dt, (B10)

and has the following recursion formula:

Es(x)= −xs−1 exp
(−x2/2

)+ (s − 1)Es−2(x),

E0(x)=
√
π/2 erf

(
x/

√
2
)
, E1(x)= 1− exp

(−x2/2
)
,
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where

erf(x)= 2√
π

∫ x

0
exp

(−t2)dt, (B11)

is the error function; and̃gs is defined by

g̃s =
∫ ∞

−∞
t2s exp

(−t2/2)dt, (B12)

namely,

g̃s = (2s − 1)(2s − 3) · · ·5 · 3 · 1 · g̃0, g̃0 = √
2π.

Whenβ = α, H̃kla in equation (B1) does not depend onz because both ofJ1 andJ (k)r are independent ofz
(cf. equations (64a) and (64b)). In this case, equations (B4)–(B9) are reduced to the following: H̃

k2
a (x0, x1, θ, ε̄)

H̃k1a (x0, x1, θ, ε̄)

H̃k0a (x0, x1, θ, ε̄)

 = B̃k
 Ỹ

k2
a

Ỹ k1a

Ỹ k0a

 , (B13)

B̃k = 1

(m̂α)2


sin2 θ

cos3 θ 0 0

0 sinθ
cos2 θ 0

0 0 1
cosθ


1 2

√
m̂αζ α(k)r cosε̄ m̂α(ζ α(k)r cosε̄)2

0
√
m̂α m̂αζ α(k)r cosε̄

0 0 m̂α

 , (B14)

Ỹ kla =
a∑
r=0

(
a

r

)
g̃a−r × q̃k2r+l (l = 0,1,2), (B15)

q̃ks =Es(√m̂α(x1 cotθ − ζ α(k)r cosε̄
))−Es(√m̂α(x0 cotθ − ζ α(k)r cosε̄

))
. (B16)

Appendix C. Integration of equation (66a)

Let us consider the following integral:

G̃klmab (x0, x1, y0, y1, θ, ε̄)= sinθ
∫ ∞

0
zKl1U(K1;x0, x1)

(√
m̂αK(k)r

)2b

× exp
(

−(
√
m̂αK(k)r )

2

2

)
H̃kma (y0, y1, z, θ, ε̄)dz. (C1)

Then,Gkpqab(θ, ε̄) in equation (66a) is expressed by a linear combination ofG̃klmab (l,m= 0,1,2). Therefore, the

computation ofGkpqab is reduced to that of̃Gklmab . TheG̃klmab can be expressed in the following form.

 G̃
k22
ab G̃k21

ab G̃k20
ab

G̃k12
ab G̃k11

ab G̃k10
ab

G̃k02
ab G̃k01

ab G̃k00
ab

 = Ãk


X̃k32
ab X̃k31

ab X̃k30
ab

X̃k22
ab X̃k21

ab X̃k20
ab

X̃k12
ab X̃k11

ab X̃k10
ab

X̃k02
ab X̃k01

ab X̃k00
ab

 , (C2)
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where

Ãk = 1

(µ̂βα)2
exp

(
−m̂

α(ζ α(k)r sinε̄)2

2

)
cos2 θ
sin3 θ

0 0

0 cosθ
sin2 θ

0

0 0 1
sinθ



×
1 −3

√
m̂αζ α(k)r cosε̄ 3m̂α(ζ α(k)r cosε̄)2 −(m̂α)3/2(ζ α(k)r cosε̄)3

0
√
m̂α −2m̂αζ α(k)r cosε̄ (m̂α)3/2(ζ α(k)r cosε̄)2

0 0 m̂α −(m̂α)3/2ζ α(k)r cosε̄

 , (C3)

X̃klmab =
b∑
r=0

(
b

r

)(√
m̂αζ α(k)r sinε̄

)2r × p̃kma,2(b−r)+l (l = 0,1,2,3; m= 0,1,2), (C4)

p̃kmas =
∫ √

m̂αZ1

√
m̂αZ0

z̄s exp
(−z̄2/2

)
H̃kma (y0, y1, z, θ, ε̄)dz̄, (C5)

z= m̂α

µ̂βα sinθ

(
z̄√
m̂α

− ζ α(k)r cosε̄
)
, (C6)

Zi = xi tanθ + ζ α(k)r cosε̄ (i = 0,1). (C7)

The integration with respect tōz in (C5) is carried out numerically. Then, the double integral with respect toε̄

andθ in (65) is computed numerically.

Whenβ = α, equation (C1) is reduced to the following form, sinceH̃kma is independent ofz.

G̃klmab (x0, x1, y0, y1, θ, ε̄)= G̃klb (x0, x1, θ, ε̄)× H̃kma (y0, y1, θ, ε̄), (C8)

where

G̃klb (x0, x1, θ, ε̄)= sinθ
∫ ∞

0
zKl1U(K1;x0, x1)

(√
m̂αK(k)r

)2b
exp

(
−(

√
m̂αK(k)r )

2

2

)
dz. (C9)

We can carry out this integration analytically to obtain the following expression ofG̃klb :

 G̃
k2
b (x0, x1, θ, ε̄)

G̃k1b (x0, x1, θ, ε̄)

G̃k0b (x0, x1, θ, ε̄)

 = Ãk


X̃k3b

X̃k2b

X̃k1b

X̃k0b

 , (C10)

X̃klb =
b∑
r=0

(
b

r

)(√
m̂αζ α(k)r sinε̄

)2r × p̃k2(b−r)+l (l = 0,1,2,3), (C11)

p̃ks =Es(√m̂αZ1
)−Es(√m̂αZ0

)
, (C12)

Zi = xi tanθ + ζ α(k)r cosε̄ (i = 0,1). (C13)

Here, Ãk is given by equation (C3) witĥµβα = m̂α . With this expression of̃Gklb , we carry out the double
integration with respect tōε andθ in (65) numerically.
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