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Abstract — The structure of a normal shock wave for a binary mixture of hard-sphere gases is analyzed numerically on the basis of the Boltzmann
equation by a finite-difference method. In the analysis, the complicated collision integrals are computed efficiently as well as accurately by means
of the numerical kernel method, which is the generalization to the case of a binary mixture of the method devised by Ohwada in 1993 in the shock-
structure analysis for a single-component gas. The transition from the upstream to the downstream uniform state is clarified not only for th@anacrosco
quantities but also for the velocity distribution functiofs2001 Editions scientifiques et médicales Elsevier SAS
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1. Introduction

The analysis of the structure of a normal shock wave in a single component gas is one of the classical prob-
lems in modern kinetic theory and has been tackled by various methods, including moment methods (Mott-
Smith [1]), model Boltzmann equations (Liepmann et al. [2]), and the direct simulation Monte Carlo (DSMC)
method (Bird [3]), since the beginning of 1950’s (see, e.g., Cercignani [4], Fiszdon [5], Bird [6], Cercignani
et al. [7], and their references). However, an accurate numerical result by means of a finite-difference (or
discrete-ordinate) analysis of the Boltzmann equation was reported only in 1993 (Ohwada [8]).

The main difficulty in analyzing the Boltzmann equation by a finite-difference method is to perform accu-
rate computations of the complicated collision integrals. In 1989, Sone and coworkers (Sone et al. [9]) pro-
posed an accurate and efficient method (numerical kernel method) for computing the collision integrals of
the linearized Boltzmann equation for hard-sphere molecules. The method has been successfully applied to the
finite-difference analyses of various fundamental problems of rarefied gas dynamics, such as the Knudsen-layer
problems (Sone et al. [9], Ohwada et al. [10], Ohwada and Sone [11]), plane Poiseuille flow and thermal transpi-
ration (Ohwada et al. [12]), plane Couette flow (Sone et al. [13]), uniform flows past a sphere (Takata et al. [14],
Sone et al. [15]), and thermophoresis (Takata and Sone [16]), and the results to be regarded as the standards
for these problems have been established. Subsequently, a similar method was developed for the nonlinear
Boltzmann equation by Ohwada in the above-mentioned work on the shock-wave structure (Ohwada [8,17]),
in which an accurate numerical result was obtained for relatively weak to moderately strong shock waves. The
method has also been applied to the analysis of heat transfer between parallel plates (Ohwada [18,19]).

The problem of shock-wave structure for a binary gas mixture has also been a popular subject and has been
investigated experimentally (Center [20], Harnett and Muntz [21], Gmurczyk et al. [22]) as well as theoretically.
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The latter approach includes approximate analyses based on moment methods (Oberai [23], Oberai and
Sinha [24]) and fluid-dynamic models (Beylich [25], Fernandez-Feria and Fernandez de la Mora [26]) and
numerical analyses based on kinetic models (Abe and Oguchi [27], Hamel [28]) and the DSMC method
(Bird [29,30]). (See also Bird [6] and the references therein.) In the present study, we try to extend the method
of Ohwada [8] to the case of a binary mixture of hard-sphere gases and investigate the structure of a normal
shock wave for the mixture by an accurate finite-difference analysis of the Boltzmann equation. Our aim is to
establish the result that can be the standard for the problem. It should be mentioned that a numerical result by
another direct method was reported recently (Raines [31]). However, only one case of a rather weak shock is
analyzed, and no information is given about the size and accuracy of the computation.

2. Problem and basic equations
2.1. The problem

We consider a steady flow of a binary gas mixture (say, the mixturé-obmponent and3-component)
through a standing normal shock wave. Let us takeXhexis of the space coordinatés§ in the direction
of the flow. The mixture is in a uniform equilibrium state with speéd, temperaturel’_, and molecular
number densities? (A-component) ana? (B-component) at upstream infinit\{ = —oc), whereas it is in
another equilibrium state with speét}, temperaturel’,, and molecular number densitie$ (A-component)
andn® (B-component) at downstream infinitf{ = co). The conservations of the molecular number of each
component, the total momentum, and the total energy lead to the expressions of the downstream parameters in
terms of the upstream ones (the Rankine—Hugoniot relation), which can be arranged in the following form:

ng _ AM: o

ne M2 13 (¢ =A, B), (1a)

U M2+3

— = 1b

U= am (1b)
Ty (5M? —1)(M? +3)

- 1
T 16M2 (1c)

Here M _ is the Mach number at upstream infinity defined by

M_=U_/(5R_T_/3)Y? (2a)

R_=k/(m*x* +m®x5), (2b)

wherek is the Boltzmann constantz® the mass of a molecule of thé-component, andr? that of the
B-component;x4 and x® are the concentrations of thé-component and thé&-component at upstream
infinity, i.e.,

Xf=ni/n— ((XZA’B)’ (3a)
n_=n*+n8. (3b)

It is seen from equation (1a) that the concentration of each component at downstream ity /n,
(ny = n? +n?), is the same ag®. Therefore, the Mach number at downstream infinity is givenvhy =

U, /(5R_T,/3)*? and is expressed as
M2 +3\Y?
M, = (7) , (@)

5M? —1
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with the aid of equations (1b)—(2a).

We investigate the transition from the upstream to the downstream state through the shock wave on the basis
of the Boltzmann equation for a binary mixture under the assumption that the molecules of each component
are hard (or rigid) spheres.

2.2. Basic equations

Let & (or &) be the molecular velocityF4 (X1, §) the velocity distribution function of the molecules of the
A-component, and“? (X4, &) that of the B-component. The Boltzmann equation in the present problem is
written in the following form (Kogan [32], Chapman and Cowling [33]).

aF®

oy = S {GH[FP P — v [FFIF*} (a=A, B), (5)
1 4=-aB
where
dﬁa 2
G f 1= [ (X0 85)g (X1, 87 la- VIdR(@) .. (6)
d,Ba 2
eip1=0 [ gl Vide@ ., @)
Iuﬁoc Iuﬁoc
F=g+ @ Via, Ef=f-"p@ Ve V=E-§ (8)
db* = (d* +dF)/2, WP =2m*mP | (m® + mP). 9)

Here,d andd? are the diameter of a molecule of tAecomponent and that of the-component, respectively;
&, is the integration variable f&, a is a unit vector, §, = d&,; d&,, d&,3, and d2 (a) is the solid-angle element
arounda; the domain of integration is the whole spacetofand all directions ot:.

The boundary condition at upstream infinity is

me )3/2 exp(_ma[@l —U)?+E+ &3]

27 kT- 2kT_

and that at downstream infinity is

me )3/2 exp(_ m®[(51— Uy)* + & + €3]
2kT,

F“—)n”‘( ) for &, > 0asX; — —oo, (20)

), for &, < 0asX; — oo, (12)

with o = A andB.

Let n* be the molecular number density; the flow velocity, p* the pressure, an@® the temperature of
a-componentd¢ = A, B), and letn be the molecular number densify,the density,v; the flow velocity, p
the pressure, andl the temperature of the total mixture. Then these macroscopic variables are defined as the
moments of the velocity distribution functions as follows:

n“:/F“ds, o = (1/n“)/$,~F”‘d';‘,
(12)
Y =kn®T% = (1/3) / m® (& — v*)°F® dé,
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n_/ZF“dg_Zn _/ZmF“dg_Zmn

a=A,B a=A,B a=A,B a=A,B

/51 ocFocdg__ Zmaoca (13)

a=A,B a A,B
p=knT == /(gl—vl) Z m® F® dg = Z [pa+mana(vf‘—vi)2/3],
a=A,B a=A,B

where & = d&; d&, dés, and the integration with respect §oin equations (12) and (13) extends to the whole
space of. In the present problem, the, and X3 components of the flow velocities vanish, i.e¥,=v; =0

(i =2, 3) (see the first paragraph of section 3.2). It should be noted here that, in the literature, the pressure and
temperature of each component are often defined in a different way, i.e., by the last equation of (1) with
replaced byy,. For this definition, the relatiop = p# + p2 (Dalton’s law) holds instead of the expression in

the last equation of (13).

2.3. Dimensionless form

We now introduce the following dimensionless variables.
=X/, G=&/(kT_/m*)", (14a)
= F(2kT_/m*)*?/n_, (14b)
wherel_ is the mean free path of the molecules of theomponent when it is in an equilibrium state at rest
with molecular number density_ (equation (3b)), i.e.,

= [V2r (d})’n] (15)

(Note that/_ is independent of the temperature of the equilibrium state for hard-sphere molecules.) In
what follows, the symbot is also used fog;. Then the Boltzmann equation (5) is recast to the following
dimensionless form:

dF I .

_ Ba Bal B al _ SN[ B pa _

glan_g;gc {GPe[FF,F*] —=D[FF]F*} (a=A,B), (16)
where

Gl f,g1= 1 / f(x1, 8% g (x1, £7)|a - V| d2(a) dg (17)

’ 2[ D% ’ *
1= @T / FGwt)la- V] de,, (18)

Mﬂa L . A
M=t t @ Ve, glf=t—n@ Ve, V=g.-¢, (19)
(dﬁ“/ NE R =20 P (R P), R =m®m? (20)

Here,¢, is the integration variable fay, and &, = d¢,1 d¢,, d¢.s; the domain of integration is the whole space
of ¢, and all directions oft. The corresponding dimensionless forms of boundary conditions (10) and (11) are,
witha = A, B,
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(Y 5
F — <—) XfeXp<—"A1“[<C1—M— —A,g> +§22+§3?D’
T 6> p—apm’x"

for ¢; > 0 asx; — —oo, (22)

~an 3/2 o -3/2
~ T
F (m ) an+< +>
T ne \T_
| )

-1
o Ir Uy S 2, 2
_ -+ - ‘M -
<o (1) |(a- $62ﬂ=wmw> Ry

for ¢ < 0 asx; — oo, (22)

2

wherent /n*, U, /U_, andT, /T_ are given by equation (1) and are determinedihy.

Sincerm? =1, m8 =m?/m4, CA4 =1, C48 = CBA =[1 + (dB /d})]?/4, andCEE = (d® /d2)?, and x A
andx 2 are related ag” + x2 = 1, it is seen that the boundary-value problem, equations (16), (21), and (22),
is characterized by the following four dimensionless parameters:

m®/m#, d®/d?, x2, M_. (23)

We analyze the problem numerically for given values of these parameters.

3. Preiminary analysis
3.1. Further transformation

We first transform equation (17). Let us decompose the relative velidityo the components perpendicular
and parallel taz, i.e.,

A

V=w+z w=V—(a-Va, z=(a-V)a. (24)
Then,;?* and¢? are expressed as
N Ba N Ba
R R e PR R (25)
m m

If we change the integration variables from, ¢ ) to (w, z) noting thata and—a give the samav andz, we
obtain the following expression fa#?*[ f, g]:

N 1 '&ﬂa /jLﬂa B
B — — L
G [f,g]—ﬁn/f<§+w+<l mﬁ)z>g<;+ o z>z dS(w) dz, (26)

wherez = |z|, dz = dz; dz, dz3, and & (w) is the surface element, aroumd of the plane perpendicular
the domain of integration with respectwis the whole plane perpendicular zpand that with respect tois
its whole space; the argumentin f andg is omitted for simplicity.

On the other hand, the integration with respeat ia equation (18) can be carried out, and we have

ser_ L _
vm—ﬁ/w* ¢If (e, de,, (27)
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where the argument; in f is also omitted.
3.2. Similarity solution
In the present problem, we seek the solution in the following form:
Fr=Fanae),  o=E+3)" @=AB) (28)

The compatibility of this form off* with the Boltzmann equation (16) is shown by direct substitution. That
is, the left-hand side (LHS) of (16) with (28) is obviously a functionxf ¢;, and¢,; on the other hand, its
right-hand side (RHS) with (28) is, as will be shown below, also a function of the same variables. (The latter
fact is readily seen from the rotational invariance(@¥ | f, g] and [ f]. However, since we need the explicit
functional form of the RHS of (16) with (28) for numerical analysis, we derive it below.) It is also obvious
that equation (28) is compatible with boundary conditions (21) and (22). It follows immediately from (28) that
vw=v=00=2,3).

Now let L(¢1, ¢,) and M (¢1, ¢,) be arbitrary functions of; and¢, (they may, of course, depend o). We
first derive, from equation (26), the explicit form 6P<[L, M]. We expresg in cylindrical coordinates as

{1= 141, §2 = ¢, COSY, {3=2¢ siny, (29)
andz in spherical polar coordinates as
71 =27 CO0SY, 72 = zSIiNH COS¢, 73 =z Sind sine. (30)

We further introduce two orthogonal unit vect&@sande” on the plane perpendicular mi.e.,

e; =0, e, = —sine, €5 = COS¢, (31a)
e] =sing, €5 = — COSHY COSe, e3 = — CcosY sine, (31b)

and decompose as
w=uw'e +w"e". (32)

Then, noting that 8(w) = dw'dw” and & = z?sinfdz dh de, we obtain the following expression for
GP*[L, M]:

R 1 T orm e Sye ] o]
G L, M]= —/ / / / / AP (21, ¢, 2,6, COSe — ), Sin(e — ), w', w”) duw’ dw” dz de dB
\/_27'[ 0 -7 JO —00 J—00

1 T g o0 o0 o0 .
_ E/ / / / / AP (21,8, 2,0, COSZ, SINE, w', w") dw’ duw” dz dé do
0 - JO —o00 J—00

2 [T [ m 0O 00 (0O .
:£/ / / / / AG' (61, &, 2,6, COSE, SINé, w', w") du' dw” dz dé &, (33)
T Jo Jo Jo J—ooJ—o0
where
AG(¢1. & 2.0, COSE, SiNE, w', w") = L(J1, J,)M(Ky, K,)zsiné, (34)

and
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Ji =1 +w”sing + (1— 4P /m#)z cosp, (35a)
J={(w —¢ siné)2 + [w” cosd — ¢, cosé — (1 — aP* /mP)z sme}z}l/2 (35b)
Ki=¢+ (AP /m®)z cosd, (35¢)
= {[(2#* /™) zsind + ¢, cosé]® + (¢, siné)2} 2, (35d)
In the last equallty of equation (33), the property
AP (21,,.2,0,cog—é), Sin(—&), —w', w") = AP (21, 2., 2, 0, cosz, siné, w', w"), (36)
has been used to reduce the range of integration with respet¢v {®, n].
On the other hand, in equation (27), we exprés# cylindrical coordinates as
é‘*l = é‘*l, (*2 = é-*r COS¢, 4*3 = é-*r Sin(ﬁ, (37)
and use equation (29) f@r. Then, we obtain the following expression fdiZ]:
l o o s
AL=_/ / / Av 5r5>ka>kr’co - dd*rd*
V[L] NI (81, &rv 81, € P — ¥)) dp g, ALy
1 o0 o s - -
= = A, » Crs Cx1, Cxr» CO d d*rd*7 38
)] At cosh dhac, dea (38)
where
A ({1 §r7 é‘*l {*rv COSQB) = L({*L {*r)‘,}{*rv (398.)
= [(6 — t)? + 82 +¢2 — 2,5, cosp] . (39b)

From equations (33) and (38), it is obvious that the RHS of (16) with (28) is a functien of, andc,.

4. Numerical analysis

The method of analysis is the extension of the method developed by Ohwada [8] for a single component gas
to the case of a binary mixture. The details will be given below.

4.1. Finite-difference analysis

In this subsection we explain the finite-difference scheme and the solution procedure. In the actual
computation, we consider a finite rangexaf i.e., —D < x; < D, instead of the infinite range and impose
the condition (21) at; = —D for ¢, > 0 and (22) at; = D for ¢, < 0. As for the molecular velocity, we only
restrict¢; to a finite range, i.e-Z§ < & < Z{' for the «-componentd¢ = A, B) (as seen below, we do not
need to restrict the range of because of our solution method). The constdnisZ{, and Z{" are chosen in
such a way that the deviation of the velocity distributi&f from the upstream Maxwellian (21) (or from the
downstream Maxwellian (22)) is negligibly small &t~ —D (or atx, ~ D) and that# itself is negligibly
small at¢; >~ —Z§ and¢; >~ Z{'. The choice is to be validated from the result of numerical computation. Now,
letx{V (i = —ND, ...,0,..., Np) be the lattice points im; (x{ "»’ = —D, x{¥ =0, x{"?) = D), and let ¢,
¢r®) (j=-Ng,...,0,...,N% k=0, 1..., H*) be the lattice points in thg,Z,- plane for thex-component

m ’
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(W = _zg, (2O =0, i ™ = z&7; ¢=© = 0; as will be seen in the next subsection, the lattice point

¢ is not used in our practical computation). Then, we defifié¢’ (¢1, ¢,) and £ as follows:

FF,6) = F4(x{, 21, ¢)  atthenth iteration step (40a)
ﬁij{]((n) _ If}a(n)(é.f(ﬁ’ é-roc(k))‘ (40b)

When confusion is expected, the commas are placed between subscﬂ%ﬁ‘é‘f%in eqguation (41a) below.
The finite-difference scheme that we adopt is essentially the same as that in Ohwada [8], i.e.,

é_oz(])( a(n+l) Foc(n+1))/(x§-i+l) _ x(i))

i+1,j,k ijk
a(n) A Ba(n) a n+1 a(n) ABa(n) fHa(n+l .
> CPUGHT . = ST+ GIRY =V ETY) /2 (>0, (41a)
B=A.B
a(j) a(n+1 a(n+1 i—1 i
i (F (1113 Fijl(c N/ =)
a(n) ~Pa(n) a n+1 a(n) ~Apa(n) pa(n+1 .
= Z ClBa(Gf 1k~ zﬁfl,jk (l]k)+G5k z/jk Fljl(c ))/2 (-] <O)’ (41b)
B=A.B
0= Z C/Soc /306('1) Al/f;z(n) FOl('H-l)) (j — O), (4]_(:)
B=A,B
where
G =GP [F" (t1, ¢, F' (@1, 80]  at(er, ¢) = (77, ¢, (42a)
O =0[F" @ 6] at &) = (i g, (42b)

The most complicated part in this scheme is the evaluatioG/df” and /5", which will be explained in
the following subsections. With this method for the evaluation, the process of computation for the above finite-
difference scheme is obvious. We first choose appropriate initial dlstrlbuﬂgﬁé Now, suppose thak’ “(")
are known.
(i) ComputeG.;™ anddf; " using £/
(ii) For j > 0, computeF?{" ™Y

p24™ and the boundary condition &t = —

successively from= — N, +1toi = N, from equation (41a) using’"”,

(i) For j <O, computeF,‘j,((”“) successively fromi = Np — 1 toi = —Np from equation (41b) using
GI5™, 9E4™ and the boundary condition af =

(iv) For j =0, computeF %" for all i from equation (41c) using/n"™ and /™.
Repeat the steps (i)—(iv) far=0, 1, ... until £{" converges.

4.2. Numerical computation of collision integrals

In order to complete the above finite-difference scheme, we need to ex@f§4s and 95 in terms of
F . For this purpose, we first expres& ™ (¢1, ¢,) in terms of (" It is done by the following three steps.

First, we expandﬂ“(")(gl, ¢) with respect ta;; using a set of basis functions; (¢1), i.e.,

Np

F"}a(n)(é_l, é_r) _ Z F"via(n) (é.](-l(j), ;r)\ll;[(é'l), (43)

j==N;
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wherew¢ (¢1) is assumed to have the following propendy (¢1) = 1 at¢; = ¢, andw? (¢1) = 0 atgy = ¢/
(I # j)- In the practical computation, we us€; that is nonzero only in a neighborhood (e.g., some lattice

intervals) of¢y = ¢f *) The explicit choice oflIJ“ will be made later. [Hereafter, we assume equation (43)
for the whole range of;; therefore, the practlcal range of becomes slightly wider than Z$ < ¢1 < Z¢{'.]
Second, expecting thait“(’” is a smooth and rapidly decreasing functionv6fi“,, we assume the following
form of £2™ Y, ¢,):

2an) (o) meg?\ 420 2

B ) =ep( =50 ) X a (i) (44)

whereL,,(y) is the Laguerre polynomial (Abramowitz and Stegun [34]y«xh order, which is defined by

=D m
and satisfy the relation
| LaILa) expt=y) dy = b (46)

The system of functions exgy/2)L,,(y) (m =0, 1,...) forms a complete orthonormal systemZii(0, co).
Therefore, equation (44) means that, assumﬁﬁtﬁ])(g“(” ¢,) to be a rapidly decreasing function®f¢2, we
expand it in terms of the orthonormal system and truncate it attttd term. If we consider equation (44) at
the lattice pointg, = ¢*® (k=1,..., H%), we have

ro(n) ’\o{(é-;x(k))Z R a(n) o (+a(k) 2
Ft]k eXp< #) Z t]mL ( (é‘r ) ) (47)

m=0

The coefficients:{,’ (m =0,..., H* — 1) in (44) are expressed in terms 8" (k =1, ..., H) by solving
the system of linear algebraic equations (47). (Equation (44) m@ﬁﬁ thus determined is equivalent to
approximating expn®z2/2) F*"™ (7Y, ¢,) by the H* — 1 degree polynomial ofi*z2 that takes the values
exp(m® (¢2®)2/2) Fi” atg, = ¢2® (k =1, ..., H*) (Lagrange interpolation).) Equation (44), arranged in the
form of power series ofi*¢?, can be written as

I}ia(n) ({f(j), Cr) — exp( ) Z A?J(Z) (48)

a(n)

whereA{; are the constants depending explicitly 6"’ and the lattice points*® (k = 1, ..., H*) (Explicit
expression ofA?"” will be given later for a special choice ¢f®). Finally, by substituting (48) into (43), we

ijm
have the following expression @f*" (1, ¢,) in terms of ("

E"‘(’”<¢1,;r)=exp< éb> Z ZA?,(J?‘P“@) )" (49)

j=—Ng m=0



96 S. Kosuge et al. / Eur. J. Mech. B - Fluids 20 (2001) 87-126

If we substitute (49) into (42), we obtain the desired expressioi §f” andd/;™, i.e.,

Ny HB_1HY-1

p
(n) _ k 4 B(n)
Gl = Z D02 > UgwAn Al (502)
—_NPq=—N; a=0 b=0

m

Ng HB-1
= D0 D AnRALY, (50b)
p:—Nﬁ a=0
where
Qbelt = GP (W (¢0) (P ¢ ) EF, we (e (m°e2) EY] at(cy, ¢) = (¢, 7 @), (51a)
AP = (W () (PLD)EF] at(ar, ) = (¢8, ¢®), (51b)
E* = exp(—m*¢?/2). (51c)

The Q’;‘;‘i andAﬁ“/k are the universal constants in the sense that they do not depérahdn. Therefore, we
can compute them beforehand once we have chosen the lattice pointgin, théane and the explicit form of
W% (¢1) (note that they depend also erf /m*, but not ond,; /d;). We callszﬂ“{l’l‘, and A%%/* the ‘numerical

kernels’ of the collision integrals.

In this way, the computation of the collision integrals has been reduced to the matrix products of the
numerical kernels and;’;" that are determined b§’(" and by the lattice pointg®. A convenient choice
of ¢*® s,

S ey 62

where H* = H is assumed for simplicity, ang, stands for the zerosy{ < y, for k < [) of the Laguerre
polynomial L (y) of order H. Then, we obtain the following simple expression of the solutifffj’ of the
system of algebraic equations (47):

=Y wahi o
o L, (yx) explyx/2) (53b)

et 0-1L n-10) TH g i O — ¥5)

wherec,,, is the coefficient ofy™ in L, (y) (see appendix A for the derivation of equation (53)). Equation (53a)
leads to the concise expression of the coefficiet§f§’ in equation (49) in terms of;{"’ andy (appendix A),
i.e.,

H H-1
Z%) Z > mlwlkFU]E ), (54a)
-1 1=0
{O (m>1), (54b)
cm (O<m <.
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4.3. Numerical kernels of collision integrals

4.3.1. Basis functions
ik

The number of the elements of the numerical kerr@f ' is still too large for precise numerical
computations because of its six-fold indices k, p, ¢, a, b). However, by using a uniform lattice system
for ¢; that is common to both components, i.e.,

gV =¢"=jh (j==Nu...,0,....N,) (55)

(hereN,, = N, andN; = N, are assumed for simplicity), and by exploiting the basic propertigsféfand
v, we can reduce the number of the independent eIemerﬁB‘;‘ﬁﬁ and Af,f;f"‘ significantly, as we will see

below. SinceF“ is expected to be a rapidly decaying functionvdfi* ¢, it is reasonable to use different lattice
systems for individual gas components, sucmf‘éé) — jh/~/me, rather than equation (55). But in this case,

such reduction of the number of the independent elements is not possible. We can perform much more efficient
computation with the lattice system (55).

To define the explicit form of the basis functions;(¢1) in equation (43), we introduce the following
W (g0):
[0 — (26 = Dh][c1— (26— Dh]/2h?  [(2¢ — 2h < &1 < 2¢h],

W (51) =1 [¢1— (204 Dh][21— (20 +2)h] /2h?  [20h < &y < (20 + 2)h], (56a)
0 (otherwise),
~ —(&1—2h) 61— (20 +2)h|/h?  [2¢h <1 < (20 + 2)h],
Ve = { 0 “ e Eothervxfilse)( e (568)

Then, in the computation cmﬁ‘;gj; and Af%/%, we use two different sets of basis functions depending on the

parity of j that are common to both components, i.e.,
Vi) =V, = ‘I’p(é“l) (p=0,£1,+£2,..)), for j =2, (57a)
V() =W,(0) =W, 1(ca—h) (p=0,41,42,..), for j=20+1, (57b)

By this choice of the basis functions, equation (43) means ﬁ’ﬁé‘f)({l, ), as the function ofzy, is
approximated by a piecewise quadratic functiorcpthat takes the valu@,»“(”)({l(j ). ¢,) at the lattice point
L= g“l(j) (j=—=Np,...,0,..., N,). The piecewise quadratic function is quadratic in the inter¢al 2 ¢; <

2(¢ 4+ Dk for (57a) and in(2¢ — 1)h < ¢1 < (22 4+ DA for (57b). (These statements are not true in a small
neighborhood of the outermost lattice pajit ™ or 7, "', where the value of*™ (¢, ¢,) is negligibly small.)
The use of the two sets of basis functions is just for convenience that the Iatticegﬁbimhder consideration

in the integrals in equation (51) is always at a nogg'{ for (57a) andz;** for (57b)) of the piecewise
quadratic function. Th& ,(¢1) defined above has the property

U, (614 £27) = W, (61 + 26h) = W, _p(C0), (58a)
W, (—21) = W_,(20). (58b)
On the other hand;#* and? satisfy the following relations.

GP[£(£), 8] () =GP [f(& +a), g& +a)] (& —a), (59a)
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O =P[f¢+a)]¢ —a), (59b)
GP £ (61,8, (81 6] (0. 8) = GP [ f (=21, &) 8(= 41, 6] (0, &), (59¢)
D[f (21, 8]0, ) = D[ f (=21, 8)](0, &), (59d)
G [f(©), 8®)] =G*[2®), f©)], (59€)
G [ f1(¢) 818, f2(6)82(8)] = G [ f1(6)82(8), f(¢D)g1(8)], (59f)

where f, g, etc. are arbitrary functions of the independent variables specified in the equations, and the
independent variables a§#* and ¥ in equations (59a)—(59d) are shown in the respective last parentheses.
Equations (59a) and (59b) follow from (17) and (18), and equations (59c) and (59d) follow from (33) and (38).
Equations (59e) and (59f) are essentially the same as the corresponding relation for a single-component gas,
the derivation of which is given in Ohwada [8].

It follows from equations (58a), (59a), and (59b) that

Bajk __ ~Palk Bajk __ , BaOk
quab - Qp—j,q—j,a,b’ Apa - Ap—j,a’ (60)

from (58b), (59c), and (59d) that

Ok Ok o Ok
QﬁZab = Qéol[’a*qil,h’ AgaOk = Aéoé,a’ (61)
and from (59e) and (59f) that
aaOk _ ~aalk _ ~aalk
quab — quba — quba' (62)

Equations (60) and (61) reduce the number of independent elemeﬂfgﬂ@ffrom O(N®) to O(N°®) and that
of Af,‘;‘f"‘ from O(N*) to O(N?3), whereN is the representative number of the lattice points of each molecular
velocity component [i.e.V is of the order ofV,, + N, + 1 and of H].

4.3.2. Numerical kernels
From equations (33), (51a), and (57a), we obtain the following expressiafj:dj:

pqab —

o = ? /0 /o /ooo /Z /Z U, (J) By (K1) (VP 10)* (Vi K 0) %

B TON2 o (S K )2
x exp<—( mid, ) ;( meK, ) )zsinedw/dw”dzdéde, (63)
where
Ji=w"sing + (1 — p#*/mf)z coss, (64a)
J® = {(w' = ¢*® sin)? + [w” cosd — £*® cose — (1— pf*/imf)zsing]?}Y?, (64b)
K1 = (AP /m®)z cosh, (64c)

1/2

K® = {[( /i) zsin6 + ¢ cosé|” + (2 sine)?} (64d)

Because of the property (61), we only ne@ﬂ‘ggllj for ¢ > 0 and forg =0, p > 0. For thesep and ¢,
equation (63) can be rewritten in the following form:
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o ﬁ /2 rw o
Uit =[] Thw0.0E® @0, (65a)
o ﬁ /2 pw ~ _ ~
Qpar =~ /0 /0 Tk @8 +TE o (0,8)]deds (p>0), (65b)
where
co /"ocK(k) 2
I (0,8 =sing / 2, (K1) (Vi K ©)? exp(—%)@ﬁa@,e,@) dz, (66a)
0
00 0o /B 7k)N\2
O ,(z.0.8) =/_ /_ \pr(Jl)(\/ﬁzﬂJr(k))zanp(—%> dw’ dw”. (66b)

In equation (65a) we have omitted the péxt/2, 7] of the integration with respect t6 becauselffq is
identically zero for the negative argument when- 0. In (65b), we have reduced the integral with respect

to 6 in (63) to that ovefO, 7 /2]. This can be done by splitting the integral into that oMerz /2] and that over

[7/2, 7], changing the variables as’ = —w” and® =  — 6 in the latter, and taking into account the property
\Tfp(—gl) = \Tf_p(gl). As shown in appendix B, equation (66b) can be integrated analytically. Therefore, the
final expression on‘f,‘;g’; contains a triple integral with respect4pe, andé. It is computed numerically by the
Gauss-Legendre formula (Ralston and Rabinowitz [35]). (In the actual computation, we carry out the numerical
integration using slightly different variables, i., €, andé, as shown in appendix C.) When= g, @’;m does

not depend orz (appendix B), and thus the integration with respect fo equation (66a) can be performed
analytically (see appendix C). Hence, the final expressioﬁ‘;gﬁ’,j contains double integral with respect to

€ andé, which is computed numerically by the Gauss—Legendre formula. In the case of a single-component
gas, the numerical kernel for the gain term is essentially the sarﬂggﬁﬁ (Ohwada [8]). Therefore, only the
double integral (with respect band®) should be calculated numerically to generate the numerical kernel. In
the case of a binary mixture, one more integration (with respegtsbould be carried out numerically.

On the other hand, the integration with respecttin equation (38) can be carried out and leads to the
following expression fob[L]:

. 00 S 4§*r§r
L1=2v2 1= 02+ (4w + 0022 ( )
VIL] /_oo/o [Gea = &%+ @G+ 807 80 (L1 — C1% + (Cor + )2

X é‘*rL(é‘*L é‘*r) dé‘*r d{*L (67)
whereé, is the complete elliptic integral of the second kind, i.e.,

/2
5,,(x)=/ (1—xsitr)?de (0<x < D). (68)
0

From equations (51b), (57a), and (67), the numerical keﬁrﬁgﬁ’k is expressed by

< AL g
A B0k :zﬁ/ / 2 o a(k)\2 1/25 ( r )
pa o Jo [g*l + ({ + é‘r ) } 11 é_*21 + (é‘*r + é_roz(k))z

mPe2
2

The two-fold integration with respect tg; and¢,, in A/[f‘,go" is carried out numerically by the Gauss—Legendre
formula.
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5. Results of numerical analysis

In this section, we show the results of numerical analysis, choosing the point atwXigh= (n_ +n.,)/2
to be the originX; = 0 of the X; coordinate.

5.1. Macroscopic quantities

To show the profiles of the molecular number densiti¢sindn, the flow velocities (in the; direction) vy
andvq, and the temperaturd®® andT, we introduce the following quantities:

. n% —n% ~ n—n_

(X)) =———  aXy= : (70a)
ng —n% ny —n_

- v —U - v1—U

XY =g )= ﬁ (70b)

- T — ~ T-T-

T%(Xy) = , T'(X1) =——F, (70c)
T, —T_ T, —T_

wherea = A, B. The distributions of these variables are showrfigures 1-4 figure 1is for M_ = 1.5,

m8/m* = 0.5, andd® /d? = 1, figure 2for M_ =3, m®/m* = 0.5, andd® /d? = 1; figure 3for M_ = 1.5,

m8/m* = 0.25, andd® /d? = 1; andfigure 4for M_ =2, m®?/m* = 0.25, andd? /d? = 1. The downstream
valuesn®, U, Ty, and M, are given in the respective captions. The values (1), v1(X1), and7 (X;) of

the total mixture, which are obtained from the values at the lattice points by interpolation, are also shown in
tables landll for the cases correspondingfigures 2and4. The macroscopic variables of the light component
(B-component) start to deviate from their upstream uniform values earlier than the corresponding variables
of the heavy componentdtcomponent). Then, the number densit§ and flow velocity v of the light
component reach their downstream uniform vale€sand U, earlier. However, the temperature of the heavy
component* rises more steeply and exceeds that of the light compdh@mit a point inside the shock. Then,

the former approaches the downstream equilibrium temperature monotonically or once becomes higher than
the downstream temperature and then decreasedituitss Zc) and4(c)). These features appear more clearly
when the mass ratia® /m* is small figures 3and4).

The aforementioned nonmonotonic distribution of the temperafdref the heavy component manifests
itself when the concentration of the light componertt is large and the shock wave is not weak. This
phenomenon has already been shown by the computations in the early stages (Beylich [25], Bird [29]) and has
been known as the temperature overshoot (Bird [6,30]). As mentioned at the end of section 2.2, however, the
following 7%, which is different from oufl'“, is often adopted as the temperature of the individual components
in the literature:

T: = (3kn“)_l/m“(§i — Ulgil)zFa dg (71)
The comparison of* with T¢ is given infigure 5 whereT is defined by
T8 = (T —T.)/(Ty — T.). (72)

As is seen from the figure, the overshoot is observed more clearlyfor
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-10 -5 0 5 x,/_ 10

Figure 1. Profiles of molecular number densities, flow velocities, and temperatured foe= 1.5, m8 /m4 = 0.5, andd? /d4 = 1: (a) x B = 0.1,

(b) xZ =05, and (c)x 2 = 0.9. For thisM_, the downstream values aré = 1.714% , Uy =0.5833_, Ty = 1.4957_, and M. = 0.7157. Here,

the solid lines indicat@, i, and7 for the total mixture, the dashed ling¢ , i', and7 for the A-component, and the dot-dash ling%, 52, and
78 for the B-component (see equation (70)).

5.2. Velocity distribution functions

Next we show the behavior of the velocity distribution functioRigyures 6-9show the nondimensional
velocity distribution functionsF® (xy, £1,¢,) [= (2kT_/m*)¥2n = F* (X1, £1.&,); & = (62 + £DY?] (a =
A, B) as functions ofty [= (2kT_/m*)~Y2¢,] and ¢, [= (2kT_/m*)~1/?¢,] at several points in the gas for
x2 =0.5 andd?/d? = 1, figures 6and 7 are for M_ = 3 andm®/m* = 0.5, andfigures 8and9 are for
M_ =2 andm?/m* = 0.25. Here, in consistency with the figures and tables in section 5.1, the positions in the
gas are indicated by using the dimensional coordid&teThe equilibrium distributions at upstream infinity
and those at downstream infinity are also shown in the figures. Compared with the upstream Maxwellians, the
downstream Maxwellians, the centers of which are shifted (ftorto U, in the dimensionat; space), have
lower heights and larger extents because of the increase of the temperature at downstream infinity. The figures
clearly demonstrate the transition of the velocity distribution functions from the upstream to the downstream
Maxwellians. Infigures 6and7, corresponding to the peaks of the upstream and downstream Maxwellians, two
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-8 —4 0 4 X,/ 8

Figure 2. Profiles of molecular number densities, flow velocities, and temperatured foe= 3, m8 /m4 = 0.5, anddf /d2 = 1: (a) x& = 0.1,

(b) xZ =0.5, and (c)x Z = 0.9. For thisM_, the downstream values aig =3n*,U+ =U—_/3,T+ =3.667T—, andM; = 0.5222. See the caption
of figure 1.

small lumps are observed both f* and 2 in the transition regionfigures &c)—6(e) and 7(c)—7(e)). As is
seen from equations (21) and (22) and friigures 6-9 smaller mass ratie:? /m“ makes the height of ?
lower and its extent larger for a fixecf .

In figures 10—13we showF* andF2 at¢, = 0.15 as functions of; for several points in the gaBigures 10—
13 correspond to the cases fidures 1-4respectively, but the results for? = 0.95 are also included in the
former figures.

5.3. Comparison with the DSMC computation

We have also carried out the computation of the problem by means of the standard DSMC method by Bird [6]
for hard-sphere molecules in several cases. We here give some comparisons of the DSMC result with our present
computationFigure 14shows the profiles of the macroscopic variables correspondifigui@s Zb) and4(b),
i.e.,M_=3,x2=05,m8/m*=05,andd? /d? =1 (figure 14a)), andM_ =2, x5 =0.5,m®/m* = 0.25,
andd?®/d? = 1 (figure 14b)). In the figures, the DSMC results are shown by the symeots and A, whereas
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Figure 3. Profiles of molecular number densities, flow velocities, and temperatured foe 1.5, mB /m4 = 0.25, anddf /d4 = 1: (a) x B = 0.1,

(b) x2 =05, and (c)xZ = 0.9. For thisM_, the downstream values aré = 1.714:% , Uy = 05833/, Ty = 14957, andM = 0.7157. See the
caption offigure 1

the results of our present computation by the solid, dashed, and dot-dash lindgyaees 1-4 On the other
hand,figure 15shows the comparison of the velocity distribution function for the cadeyofe 14a). To be

more specific, the dimensionless velocity distribution functiérisand 72 at ¢, = 0.15 and 135 are shown

as the functions of; for three points in the gas. The DSMC results show good agreement with those of the
present computation for the velocity distribution function as well as for the macroscopic variables. The data
about the present DSMC computation are as follows: 400 cells of a uniform size with lengfli_o&fe used,

and the average number of simulation particles per cell is about 250 for each compofiguteiri4a) and

about 200 for each componentfigure 14b); the time step is @1r_, wherer_ = [_(2kT_/m*)~/2; after the
steady state has been established, the time average of 10 000 samples with sampling ibterigab®en, and

the average is shown figures 14and15. The short vertical bar above the profilesfigure 14indicates the
standard deviation of the 10000 samplesiat the corresponding point, and that below the profiles indicate
the larger value of the standard deviation idrand that for?.
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Table|. The distributions of the molecular number densitflow velocity v{, and temperatur& of the total mixture foM_ = 3, m8 /m4 = 0.5, and
dB d? =1 (cf.figure 2.

n/n_ v1/(2kT_/m™)1/2 T/T-
X1/1_ xB=01 xB=05 xB =009 xB=01 xB=05 xB =09 xB=01 xB =05 xB =09
—00 1.000 1.000 1.000 2.810 3.162 3.693 1.000 1.000 1.000
-6 1.001 1.001 1.001 2.807 3.158 3.688 1.008 1.009 1.009
-5 1.004 1.004 1.004 2.800 3.150 3.679 1.027 1.028 1.028
—4 1.012 1.013 1.013 2.778 3.125 3.649 1.084 1.087 1.088
-3 1.039 1.042 1.040 2.708 3.048 3.556 1.261 1.262 1.269
-2 1.127 1.134 1.131 2.501 2.821 3.281 1.748 1.732 1.758
-15 1.229 1.238 1.234 2.298 2.599 3.016 2.168 2.135 2.174
-1 1.400 1.409 1.406 2.019 2.294 2.654 2.659 2.607 2.656
—05 1.662 1.669 1.667 1.700 1.941 2.243 3.101 3.040 3.088
0 2.000 2.000 2.000 1.412 1.614 1.869 3.397 3.342 3.380
0.5 2.344 2.338 2.338 1.203 1.373 1.595 3.552 3.511 3.536
1 2.617 2.610 2.609 1.076 1.223 1.425 3.621 3.595 3.610
15 2.794 2.788 2.786 1.007 1.140 1.331 3.650 3.634 3.643
2 2.893 2.890 2.888 0.972 1.097 1.282 3.662 3.652 3.657
3 2.973 2.972 2.971 0.945 1.065 1.244 3.667 3.664 3.665
4 2.993 2.993 2.992 0.939 1.057 1.234 3.667 3.666 3.666
5 2.998 2.998 2.998 0.937 1.055 1.232 3.666 3.666 3.666
S 3.000 3.000 3.000 0.937 1.054 1.231 3.667 3.667 3.667

Table 1. The distributions of the molecular number densityflow velocity v1, and temperatur@ of the total mixture forM_ =2, m8 /m4 = 0.25,

andd?B /d}} =1 (cf. figure 4.

n/n_ v1/(2kT_ Jm™)1/2 T/T
Xq1/1_ xB=01 xB=05 xB =09 xB=01 xB=05 xB =09 xB=01 xB=05 xB =09
—o0 1.000 1.000 1.000 1.898 2.309 3.203 1.000 1.000 1.000
-8 1.001 1.002 1.001 1.897 2.306 3.200 1.001 1.004 1.002
-6 1.004 1.010 1.006 1.892 2.293 3.187 1.010 1.021 1.014
—4 1.026 1.050 1.037 1.857 2.232 3.107 1.065 1.098 1.087
-3 1.065 1.105 1.088 1.794 2.148 2.984 1.159 1.198 1.195
-2 1.157 1.211 1.195 1.658 1.992 2.749 1.347 1.366 1.381
-15 1.238 1.291 1.280 1.552 1.882 2.587 1.479 1.474 1.496
-1 1.348 1.392 1.386 1.426 1.753 2.404 1.620 1.588 1.613
-05 1.486 1.511 1.510 1.292 1.614 2.218 1.752 1.700 1.720
0 1.643 1.643 1.643 1.167 1.478 2.042 1.860 1.798 1.811
0.5 1.799 1.776 1.773 1.063 1.357 1.889 1.938 1.878 1.882
1 1.938 1.899 1.890 0.985 1.258 1.764 1.991 1.940 1.937
2 2.129 2.088 2.068 0.894 1.127 1.592 2.046 2.015 2.006
3 2.222 2.194 2.174 0.855 1.062 1.498 2.066 2.050 2.042
4 2.261 2.246 2.230 0.840 1.033 1.449 2.073 2.065 2.060
6 2.283 2.279 2.273 0.832 1.014 1.413 2.077 2.075 2.073
8 2.286 2.285 2.283 0.831 1.011 1.404 2.077 2.077 2.076
S 2.286 2.286 2.286 0.831 1.010 1.401 2.078 2.078 2.078
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Figure 4. Profiles of molecular number densities, flow velocities, and temperature foe= 2, m8 /m4 = 0.25, anddB /d}} = 1: (a) x& = 0.1,

(b) x2 =05, and (c)xZ = 0.9. For thisM_, the downstream values aré = 2.286:% , Uy =0.4375_, Ty = 2.0787_, andM. = 0.6070. See the
caption offigure 1.

6. Datafor computation and its accuracy

In this section, we use the origin&l, (or x1) coordinate system, not the rearranged system used in section 5,
unless the contrary is stated.

6.1. Lattice systems

We first summarize the lattice systems that are used in the actual computation. For the molecular velocity
space, the four lattice systemd1), (M2), (M3), and (M4) given irtable 1Il are used (see equations (52) and
(55)). The reason why the bar is put on M1 and M2 is thatMa) and (M2) systemsy,-lattice points slightly
different from those explained in section 4.2 (cf. equation (52)) are used. That is, we assume the form

H-1

] 2
o (p00) gy = exp(_%> St L, (¢2), (73)

m=0
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Figure 5. Profiles of 7% and 72 (a« = A, B) for df /a2 = 1: (@) M_ =3, mB/m* =05, xB =09, (b) M_ =3, mB/m? =05, x5 = 0.95,
(©M_=2,mB/m2 =025 xB =09, and (d)M_ =2,mB/m* =0.25, xB = 0.95. Here, the solid line indicate&? and7 8 (see equation (70c)),
and the dashed lin? and7.2 (see equation (72)).

Tablelll. Lattice systems in the molecular velocity space.

Ny Ny h " {](-—Nm) §1<Np> 2@ or ;D @ op ¢ ()
(MI) 26 34 0.25 14 —6.5 8.5 0.3158 6.6608
(M2) 44 56 0.15 14 —6.6 8.4 0.3158 6.6608
(M3) 60 73 0.15 14 -9.0 10.95 03158/ vim® 6.6608/ /%
(M4) 66 81 0.15 14 -9.9 12.15 03158/ v/im® 6.6608/ /%
(M5) 44 56 0.15 18 -6.6 8.4 0.2796 7.6870
(M6) 60 73 0.15 18 -9.0 10.95 0.2796 7.6870
(M7) 44 56 0.15 14 —6.6 8.4 03158/ vm® 6.6608/v/im®
(M8) 60 73 0.15 14 -9.0 10.95 03158/ v/m® 6.6608/ /%

instead of equation (44) and use
GO=¢0=y k=1...H). (74)

instead of equation (52). As a result, the forms of numerical keméjgg and A/f,‘j;Ok undergo slight changes

(in fact, /4% = QEE% holds andAf2% becomes independent of the labeland 8, which are the advantage

of this choice). Since the changes are rather straightforward, we omit them here. This choice works when the
molecular masses” andm? are not very different (& < m?/m* whenm?® < m#). The edges of the domain
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and the first and last lattice points p, i.e., ¥ and ¢*™ (or ¢/

ired for
: i =N and ¢, table 1ll. The computer memory require
In ¢y, le.,q " andg - 4) are also shown table III. The cc "1 4GB. and
2), (M3), and (M4) . 2): T20MB, (M3): 1.4GB,
o Sys‘izrlnlfggié’ls(hgozre(spo)nding to these four systemi§liy: @63MB, (M2)
the numeri

(M4): 1.7GB.
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The lattice system for the space coordinetés defined by
—Np,...,0,...,Np),
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= (D)
= fsx1

where
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il
iy
gl

Th
i

(d) Xq/1- =-02 (h) X1/l- =00
Figure 8. Dimensionless velocity distribution functioA at eight points in the gas fa— = 2, xZ = 0.5, m#/m4 = 0.25, andd /d2 = 1 (ct.
figure 4b)): (a) X1/l = —o0, (b) X1/l = —2, () X1/l = —1, (d) X1/l = —0.2, (€) X1/l = 04, (f) X1/I_ =1, (g) X1/l = 2, and
(h) X1/1_ = oc.

mB
5 Y mxf + x?
5 =

m(xA)2+ 2(%) VI x Ay B+ (j—f) (x5)?
. 504’ Np —i
)Ei’) = N—i + [erf(3.5) — erf(3.5 x 2P ! )} (D'=50d"Yy (i=0,...,Np—1), (76b)
D D
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Figure 9. Dimensionless velocity I_=-2,(c) X1/l- = —1, (d) X1/I- = —0.2,

figure 4b)): (a) X1/1- = —o0, (b) X1/I- = -2, (h) X1/1- = oco.
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-1.5

111

Figure 10. Dimensionless velocity distribution functiods” and £8 at¢, = 0.15 for M_ = 1.5, m8/m4 = 0.5, anddB /dA = 1: (a) F4A, (b) F5B.
The F4 and FB at several points in the gas are shownfdt =0.1, x 2 =05, x 8 = 0.9, andx Z = 0.95.

the shock thickness is less sensitive to the change in the paraméters®, d2 /d2, andx ® than in theX, /1

(or x1) coordinate. Howeverfs is almost unity (073 < f; < 1) for the values of the parameters chosen in our

computation. We use the following two systems for the computation:
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0.2 ' ' T ' T ' 0.008
. Xi/l- = -0

Figure 11. Dimensionless velocity distribution function&® and £8 at¢, = 0.15 for M— =3, mB /m4 = 0.5, andd jd4 = 1: (a) F4, (b) F&. See
the caption ofigure 10

(S1):D' = 10/7 (= 17.7245, N, = 25,d’ = 0.05,/7 (= 0.088623,
(S2):D' = 10/7, Np = 50,d’ = 0.05/7.
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0.2 ' ' ' ‘ ' ' 0.003
B _
xZ =0.1 X1/l = —oo
< Q
T 0 -15 ] B
3 ) - 7

Figure 12. Dimensionless velocity distribution functions? and 2 at ¢, = 0.15 for M— = 1.5, m8 /m4 = 0.25, andd /d4 = 1: (a) F4, (b) FB.
See the caption dfgure 10

The lattice interval is minimum at; = 0 (x{” — x\¥ = 0.1773f; for (S1) and 008863f; for (S2)) and
increases, with the increase pfi|, to the maximum value at the edge of the domadin) = 17.7245f;
eV — x\No=D — 2 264f; for (S1) and 1137f; for (S2)).
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0.2 T T T T
X?ZOI X1/1_=—00
=L |
0o -1
0.2
0.1f 2 X .
0 I ! I
0.1 | T T T
xB=05 X1/l- = —o0
EL‘ i (o] -1 i
0.2
0.05- 2 . 1
0 I 1 1
0.02 T | T T
x2 =09 Xy /l- = —co
< f— -
<y oo -1
0.01F . 02 4
1
0 | I !

0.01 X? =0.95 Xl/l- = —00
< | - —
‘LL . -1
0.005F ) 02 4

1
0 I I I
—6 0 G 9
(a) (b)

Figure 13. Dimensionless velocity distribution functiods® and #2 at¢, = 0.15 for M— = 2,m% /m” = 0.25, andd /d = 1: (a) F4, (b) F5. See
the caption ofigure 10

The data for _ = 1.5, m8/m* = 0.5) in section 5 are based on tHdZ; S2) system, those fol{_ = 3,
m®/m* = 0.5) are based on the (M3; S2) system, and thosenféfm”* = 0.25 are based on the (M4; S2)
system. TheNI1) and (S1) systems are used for accuracy test. The computing time for one iteration (the steps
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o

Il | 1

-8 4 0 £ X,/ 8 ~10 -5 0 5 x,/1_ 10

Figure 14. Comparison with the DSMC results; profiles of molecular number densities, flow velocities, and temperatubes: =3, x5 = 0.5,

mB/mA =05, anddP /dA = 1 (seefigure b)), (b) M— =2, xB =0.5, mB/m” = 0.25, andd /d} = 1 (seefigure 4b)). The results obtained by

the DSMC method are shown by the symbe(&, 91, andT), o (4, 75, andT), anda (7%, 52, andT ). The results by the present finite-difference

method are shown by the solid ling, (i1, and ), dashed lineq#, 57!, and7#), and dot-dash lingi€, 5, and 7 5). The short vertical bar above

the profiles indicates the standard deviation of the samples &the corresponding point, and that below the profiles the larger value of the standard
deviation fori# and that fori 5.

()—(iv) in section 4.1) in a parallel computation using ten CPU’s on a VPP800 computer (see the last paragraph
of section 7) is as follows: 9 sec foM(l; S2) system; 46 sec foM2; S2) system; 99 sec for (M3; S2) system;
and 142 sec for (M4; S2) system.

6.2. Criterion for convergence

In order to save the number of iterations, we use the following initial distributi@)ﬁg). For x2 = 0.5,
we first compute the corresponding numerical solution of the model Boltzmann equation proposed by Garzo
et al. [36] by a finite-difference method and use the solutiom}ﬁg). Then we carry out the iteration process
described in section 4.1 to obtain the desired solutionfbr= 0.5. For other values of*, we useF”
obtained by suitable modification of the solution (of the Boltzmann equation) fex 0.5.

In the actual computation, however, even after the profiles of the macroscopic variables seem to have
converged, the profiles move by a small but almost constant value in each iteration. This is due to the fact
that the Rankine—Hugoniot relation (1) is not satisfied exactly because of the computational error. Therefore,
we set the following criterion for the convergence. Let us denot@®\(x;) the dimensionless number density
n(X1)/n_ of the total mixture corresponding to the solutiﬁﬁ,ﬁm) at themth step of iteration, and let us denote
by S,, thex; coordinate at whichi ™ (x;) takes the valuél+n_ /n_)/2 (i.e.,n(atmth iteration = (n_+n)/2
atx; = S,,). Thatis,x; = S,, is the ‘center’ of the shock wave at theh iteration. Now we introduce the shift

of the center in 20 steps, i.e.,
(AS)oq = Soa — S20g-1y ((=1,2,...). (77)

Then, we examine the change of the profile of the number density relative to the center in the 20 steps, i.e., we
introduce the following quantity:
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0.06 T T I T T 0.03 0.04 T T | T 0.02
X1/l_ = —0.45 X1/l_ =055
¢ =0.15
& ~ & F =015 &
STy A ] e T ¢ =0.15-
" }:EF ;7 }:FF
0.03+ +40.015 0.02+ 40.01
0 Loa $ 28 0 0 O
—6 0 G 8 —6 0 G 8
(a) (b)
0.04 T T T T T | 0.02
Xi/l- =1.05
< Q

‘ — ¢r=0.15 ¢

a — }: B4 &
0.02 0.01

% 0 3
- G
(c)
Figure 15. Comparison with the DSMC results; dimensionless velocity distribution functihand £8 at, = 0.15 and 135 for M_ = 3, x5 = 0.5,
mB/mA =05, anddB /a2 = 1: (a) X1/1- = —0.45, (b) X1/l = 0.55, (c) X1/I— = 1.05. The results obtained by the DSMC method are shown by
o (FA) ando (FB). The results by the present finite-difference method by solid lfi€)(and dashed linef(5).
(AR) 20 = max{ [A®® (x{” 4+ (AS)2q) —ACXN D (x{")| ati =0,+5,+10... (ji| <Np)}.  (78)
l

Here, the valueg@® (x{" 4 (AS),q) are computed by means of interpolation. When the conditioi) g <
107° is satisfied, we stop the iteration judging that the solution has converged. Then, we regard the result of the
last iteration as the desired steady solution. The necessary iteratiomsteps shift of the cente¢AS),, in
the final 20 steps, and the differenca S),, — (AS),, 20| between the shift in the final 20 steps and that in the
preceding 20 steps in the casediglires 1b), 2(b), 3(b), and4(b) are as follows:

n, =280 (AS),, =2.80x 103 [(AS), — (AS), _s0l =4.83x 107° for figure 1(b);

n, =320, (AS),, =7.34x 107%, |(AS),, — (AS),,_20l = 1.90 x 10°° for figure Ab);

n, =360, (AS),, =850x 1073, |(AS),, — (AS),,_20l = 7.36 x 107° for figure 3b);

n, =480, (AS),, =2.70x 1073, [(AS),, — (AS),,_20l = 1.45x 107> for figure 4b).
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The initial distributionsl@‘j,ﬁo) are arranged in such a way that the center of the shock at the final stage
of iteration stays in the vicinity of the origin of the original coordinate system. As a result, if we denote by
x1=8,, the position of the center at the final stag®, | is less than @ for all the cases in section 5.

6.3. Accuracy of computation

The accuracy of computation can be estimated by comparing the macroscopic quantities for the different
lattice systems. Let (M, S) representz, vy, and7T obtained by the use of lattice systems (M, SXM1, M2,
and M3, and &S1 and S2). We introduce the maximum difference of the two results based on two different
lattice systems (M, S) and (MS) by
lo(M',S) —o(M, )|

D(M’.S: M. S) = , 79

wherelo (M, S) —o (M, S)|/o (M, S) is evaluated at about 2000 uniformly distributed points in the rearranged
X, coordinate system (see the first sentence of section 5) by means of interpolation, and the maximum with
respect toX; is taken over these points. The valuesmofor some test computations fat?/m“ = 0.5,
dB/d* =1,andM_ = 1.5 or 2 are given as follows.
8.09x 104 (M_=15, x2=0095),
197x 102 (M_=2, x2=0.1),
D(M1,S2M2,S2 =< 1.23x 103 (M_=2, x5 =05),
6.57x 10% (M_=2, x2=0.9),
578x 10% (M_=2, x?=0.95),
D(M1,S2M3,S2=130x 103 (M_=2, x%=05),
D(M2,S2M3,S2=417x10* (M_=2, x5 =05),
D(M2,S1 M2,S2=146x 10° (M_=2, x?=05).

Another measure of accuracy is given by the conservation laws. That is, by integrating equation (5)
(¢ = A, B), >_,—a plm*&1 x equation (5), and Ea:A,B[m“S,-Z x equation (5) over the whole space df;
respectively and by taking into account the fact that the gas is in the equilibrium distribution (10) égrall
upstream infinity, we have

Je = / EFUdE=n"U., (80a)

Jp = / > meELFYdE =kn_T_+p_U?, (80b)
a=A,B

J _1 “gE2Fed —lU Skn_T U? 80c

E=5 a:zA:Bm 5151 E—E —( n_1_+ p_ ,), (80c)

wherep_ =3 ,_, pm“n®. Here,Jg, Jp, andJg are, respectively, the flux in the; direction of the particle

of the «-component, that of thé(; component of the total momentum, and that of the total energy./fhe

Jp, andJg do not depend oiX; theoretically. But, in the actual computation, the values of these fluxes deviate
slightly from the RHS'’s of equation (80) and vary wikh because of the computational error. This deviation
provides a measure of accuracy of the computation. Let us dendét&by, (/»)., and(Jg). the fluxes/s;, Jp,
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and Jg obtained by the numerical computation and(@y,)., (/r)., and(Jg). their exact values (i.e., RHS’s
of equation (80)). Then, we introduce the following relative difference:

E= max (rggq[u)c—u)e}/u)e

J=Jg.Jp.JE

). (81)

where the maximum with respect #, is taken over the original lattice points. For the results shown in
section 5, we give the estimate Bhere. Fom? /m* = 0.5 andd® /d? = 1 (cf. figures 1, 2, 1pand11),

455%x 10% (M_=15, xf=0.1),
1.77x10* (M_=15, x5 =0.5, 0.9, 0.95),
212x10% (M_=3, x2=0.1,05),
351x10% (M_=3, x2=0.9, 0.95),

and form® /m# = 0.25 andd® /d? = 1 (cf. figures 3, 4, 12and13),

571x 104 (M_=15 x5 =0.1, 0.5),
E<{372x10% (M_=15, x8=0.9,0.95),
319x 104 (M_=2, x£=0.1, 0.5, 0.9, 0.95).

Next, we give some information about the values of the velocity distribution functions at (or near)
the edges of the range of computation X3 and &; for the results given in section 5. For convenience,
we use the nondimensional form in the following discussions. £&¢1, ¢,) and F%(¢1,¢,) denote the
upstream Maxwellian (equation (21) for alh) and the downstream one (equation (22) for &l),
respectively. Then, the maxima & and F“ are, respectively( F*)max = 7 ~¥2(m%)%2x* and (F Ymax =

73232y % (n® /n® ) (T, / T_)~%/2. At the edge of the computational ranged i.e., atsy = ¢~ o and
(N") (cf. table 1), the values of® are

FAJEY) < 195x 102 (M_=15,3 m8/m*=05),
max =) 4.35x 1071 (M_ =15, 2, m®/m" =0.25),

1.62x10°® (M_=15 m8/m* =05, 0.25),
FPI(FP) <4 110x 10 (M_ =3, m®/m*=0.5),
8.08x 107 (M_=2, m?/m* =0.25).

It is noted that the range if) is not truncated in our computation. On the other hand, the computational range
in xyis [x1] < D (= 17.7245f;) (cf. section 6.1). Let us introduce the following maximum difference between
F* and F¢ and that betwee* and F“:

[Aﬁa} - maX‘Fa ﬁg‘/(ﬁ:ﬁ)max' (82)

o ag

For—D < X1 < —14.5f5,

331x10° (M_=15,3 m8/m4=05),
[AF*]_<{260x10% (M_=15 m®/m*=0.25),
269x 105 (M_=2, m®/m*=0.25),
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and for 145f; < x; < D,

AF, < 1.88x 102 (M_=15,3, m?/m*=05),
267x10° (M_=15,2, m?/m*=0.25),

wherex; is the original coordinate system.

Since the size of the present computation is quite large, we cannot perform the accuracy test in a more
systematic way. However, concerning the accuracy of the collision integrals, we can obtain a measure of
accuracy by computing the gain and loss terms numerically for Maxwellian distributions and comparing
the result with the exact values. If we insdtt and ﬁf in the RHS of equation (16), each collision term

GPFY, F*] — D[ F£1F? vanishes, and therefore, we have
G [FL, Fe] = b [FE)FE = FI%(¢1, ). (83)

The middle terrrn?[ﬁf]ﬁg can be calculated exactly and gives the ez, ¢,). On the other hand, the
numerical values corresponding to the first and second term&;Sayand i<, F¢ [ﬁijk = Fo?, r2®),

can be computed from equations (50a) and (50b) and equation (54a)~“%i’ﬂ1= Fg k- We compareGi ik

and vi‘ijj;jk with F{* (¢1, ¢.) to get an estimate of the accuracy. In this check, if we compare the values only

for a fixed ¢,-lattice pointz*®, we need to construct the numerical kern@%“ab and A%2% only for the

¢*® so that a more variety of the lattice systems for ¢iig-plane can be checked. We consider the lattice
systems¥5), (M6), (M7), and (M8) intable Ill in addition to M1), (M2), (M3), and (M4). The bar on (M5),
etc., has the same meaning asMilj and (M2). Let us introduce the following maximum difference relative
to the maximum value ot

che max\GiJk Fi (¢, c2 @)y maxFﬂ“, (84a)

i = max\viJkFiJk —F (¢, “("))|/maxFﬂ“ (84b)
In the case ofi?/d* =1 andx® = 0.1, 05, 0.9, and 095, theG:* andLi* for ¢#® = ¢*® [or ¢2® = ¢ D]
(cf. table 111) are estimated as follows:
Ghi*<323x10%  LA*<461x10° [for (MD)],
Gh* <398x10°  LA*<631x10°% [for (M2), (M5),and(M6)],
for M_ = 1.5 andm®/m* =0.5;

28 x 10°% [for (M3)],

M <393x10° U<
<281x10* [for (M7)],

5
Gh* <1.33x 1074, LA <2
for M_ =3 andm®/m* = 0.5; and

GE* <3.93x 10°°, LA* <528x 10°® [for (M4) and(M8)],

for M_ =1.5and 2 andn®/m* = 0.25.
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7. Concluding remarks

In the present study, we have investigated the structure of a normal shock wave for a binary gas mixture
on the basis of the Boltzmann equation for hard-sphere molecules. Extending the numerical kernel method
developed in Ohwada [8] for a single component gas to the case of a binary mixture, we have constructed an
accurate method to compute the collision integrals (sections 4.2 and 4.3). Then, we have analyzed the problem
by an accurate finite-difference method in which the numerical kernel method is incorporated (section 4.1). As
a result, the transition from the upstream to the downstream state was clarified for the velocity distribution
functions as well as for the macroscopic variables (section 5). The accuracy of the computation was also
examined carefully (section 6.3). The numerical kernels constructed in the present study can be applied to
any problems in which the velocity distribution functions are of the form of equation (28).

In the present method, the collision integrals are approximated by using the values of the velocity distribution
functions at the discrete lattice points in the molecular velocity space. One of the important mathematical
guestions relevant to this type of method is whether or not the approximated collision integrals converge
to the real collision integrals of the Boltzmann equation when the lattice interval in the molecular velocity
space tends to zero. For a single-component gas, a positive answer was given recently for some different
types of discretization of the collision integral (Bobylev et al. [37], Rogier and Schneider [38], Panferov and
Heintz [39]). In all of them, the discretization is made in such a way that the mass, momentum, and energy are
conserved exactly in each collision. In this point, these conservative methods (or discrete velocity models) are
different from the methods of Ohwada [8] and the present study, in which the conservation laws are not satisfied
artificially but are satisfied approximately within the error of computation. In the latter methods, therefore, the
conservation laws can be used as a measure of accuracy (see section 6.3).

The present computation was carried out on Fujitsu VPP800/63 computer at the Data Processing Center,
Kyoto University, Fujitsu VPP800/12 computer at the Institute of Space and Astronautical Science, and VT-
Alpha 533 and 600 Workstations at the Section of Dynamics in Aeronautics and Astronautics, Department of
Aeronautics and Astronautics, Kyoto University.

Appendix A. Derivation of equations (53) and (54)

The Christoffel-Darboux formula (Abramowitz and Stegun [34]) for a system of orthonormal polynomials
gives the following relation for the Laguerre polynomials:

H-1
(x =) > Li)Ly(y) = (cp-1.a-1/cm) [Lu () Ly-1(y) — Ly () Ly_1(x)]. (A1)
s=0

Noting thatL 5 (x) = cyy Hlel(x — y1), wherey, are the zeros of. 5 (x), we puty = y, in equation (Al).
Then, using the continuity of polynomials, we have

H 1 H-1

II c—=w= > LiLi(x) (k=1,...,H), (A2)

1=1 (k) cu-1,H-1Ln-1(yk) 2

for all x > 0.

Now let us consider equation (44) witi* = H and suppose that*® = \/y,/m* (or m®(*®)? = y;)
(equation (52)). For simplicity, let us put
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A% = x, F"}a(n)(é.f(j),é.r)exp< 24“ ) £,

ra(n n’:la(é-roc(k))Z o (n Yk
Fijl(c )eXp<#) = Fijl(c )EXD<E) = fik

Then, equation (44) is written as
() = Z aiif" Ly(x). (A3)

On the other hand, from the chmcedf)‘(") (see equation (47) and the sentences belovfitjx) is expressed
as

H

H
o o X = Ys

=3 fi 11 : (A4)
k=1 s=1 (k) Yk T Vs

By equating the RHS's of (A3) and (A4) and using (A2), we obtain

H-1 o 1 H-1
ag Li(x) = i L (y) Ly (x). (A5)
; ! z_; i c-1.H-1Lu-1(Vk) Hf:l (¢k)(yk —¥) ;

If we integrate equation (A5) multiplied by egpx)L,, (x) with respect toc from 0 to infinity, we have, from
the orthogonality relation (46), the following expressiomf}ﬁ‘:), i.e., equations (53a) and (53b):

Lm(yk)

oz(n)

jjm E Ik : (AB)
/ _ Ik cr-1,H-1L 1) Hstl (;sk)(yk —Vs)

By the use of (53a), equation (A3) is written as

H-1/ H R
S0 = <Z wlkFi(;I(<n)> L(x). (A7)
1=0 \ik=1

Using the expressioh,;(x) = Zm ocmix™ and changing the order of summations, we obtain

H-1 H-1
() = Z <Z Fl‘;,((") Z cm1w1k> x™. (A8)

m=0 \k=1

The comparison of (A8) with (48) gives

H-1
Z(nl? Z Fz(;/(cn) Z Cmi Wi, (A9)
I=m

which is equivalent to equations (54a) and (54b).
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Appendix B. Integration of equation (66b)

Let us introduce the following integral:

- o0 [ee) / "IBJ(k) 2
O (x0,x1,2,6, ) = / / J1U (J1; X0, x1) (V r?zﬁJr(k))za exp(—%) dw’ dw”, (B1)
where
1 (xg<t<uxy),
U (t; xo, = . B2
(#: %0, x1) {O (otherwise). (82)
Then,@’;a(z,e, €) in equation (66b) is expressed by a linear combinatio@ﬁ;ﬂtxo,xl,z, 0,¢) 1=0,1,2).

For example@%, is expressed as follows:
Ok (z,60,6) =[O0, 2h, z,0,&) + 2hOX(0, 21, 7,0, &)] / K. (B3)

Therefore, the calculation of (66b) is reduced to that of (B1). The integration of (B1) can be carried out
analytically and gives the following expression®f':

O*2(xg, x1, 2,0, €) yk2
O (xo, x1,2,0,6) | = BF | Y* |, (B4)
O0(xg, x1, 2,0, €) yro
where
-n29 o = o = o o _2 o o _Z 2
_ L o0 0\ /1 2%*®Pcose (¢ ("k) cose)?\ (1 2V/mbPsP* 2 P (8/3 ﬁ)
_ ind o =
=Gme| 0w O |0 ! grfeose | g P mbshe |
1 A
0o -1/\o 0 1 0 0 py:
(BS)
8P = (mP —m®) /(P +m®), (B6)
~ 4 a\ . 5
r=0
G = E,(VmbPZ1) — Es (NP Zo), (B8)
Zi:xicote—g“f(")cosé—éﬂaﬁ (i=0,1). (B9)
Here, () = 1; E,(x) is defined by
Es(x):/ t* exp(—1?/2) dt, (B10)
0

and has the following recursion formula:
E,(x)=—x'""1 exp(—x2/2) + (s —1DE;_>(x),
Eo(x) = /7t/2 erf(x/v/2), E1(x) =1 —exp(—x?/2),
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where
2 X
erf(x =—/ exp(—2) dr, B11
W =—= | exo(=) (B11)

is the error function; and, is defined by
3 =/ 1> exp(—12/2) dt, (B12)

namely,
g&=2s—1)(2s—3)---5-3-1-g0, go=+2r.

Wheng = «, ® in equation (B1) does not depend pibecause both aof; andJ* are independent of
(cf. equations (64a) and (64b)). In this case, equations (B4)—(B9) are reduced to the following:

(:)zz(xo’xlaeag) ?15{2
O (x0,x1,0,8) | =B* | v¥ |, (B13)
Ok (x, x1,0, €) Y0
1 SO0 0\ /1 2V/megr®cose (o™ cose)?
Bk = ThE L 0 NG mec*®cose |, (B14)
o L 0 0 m*
cosd
~ a a - -
vy = Z <r>gar x5y (1=0.12), (B15)
r=0
G~ = E,(Vm* (xycotd — ¢*® cosé)) — E; (vm®(xocotd — ¢** cosé)). (B16)

Appendix C. Integration of equation (66a)
Let us consider the following integral:
~ . o0 A
THm (xo, x1, Yo, y1, 0, €) =Sln9/0 2K U (Ky; x0, x1) (Ve K©)?

(Vme K ®)2
2

X exp(— )éﬁm(yo, v1,2, 0, €)dz. (C1)

Then,F’;qab(e, €) in equation (66a) is expressed by a linear combinatioi‘f (I, m = 0, 1, 2). Therefore, the
computation o™, is reduced to that of /" The['¥/ can be expressed in the following form.

k32  wk31 k30
fwkgz fwk%l likl%o Xab Xab Xah
a a a k22 k21 k20
pkl2 PeL k10 | _ gk Xap™ Xap Xap
~ab  “ab  ab | T Xki2 k1l k10
[k02 k01 [7k00 ab ab ab
ab ab ab k02 gkOL kOO
ab ab ab

: (C2)
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where
cos
. 0 0
~ - mo
- 1 me (2 ® sing)2y |
k __ _ r cosf
A (B2 exp( 2 ) 0 sir?6o 0
1
0 0 S
1 —3Vmeg®cose 3m* (g™ cosé)? —(m®)¥?(r® cosé)?
x |0 me —2m*¢e® cose  (m%)%?(¢*® cose)? |, (C3)
0 0 me —(m%)¥2¢2® cose
~ b b . 2r
xir=> " |(Vmegt P sing)” x pity, .y (=0,1,23 m=0,12), (C4)
, ,
r=0
~k iz =2 1o\ Bk .
Pas =/ z exp(—z7/2) 0" (yo. y1. 2,0, €) dz, (C5)
\/VIA?ZO
__m® z (k) -)
= — COS€ |, C6
“ 7 Apasing («/W & (€0)
Z; =x;tand +¢*®cose (i =0, 1). (C7)

The integration with respect @in (C5) is carried out numerically. Then, the double integral with respect to
and@ in (65) is computed numerically.

Whenpg = «, equation (C1) is reduced to the following form, sir@? is independent of.

5™ (x0, X1, Yo, 1,0, €) = [} (x0, x1, 0, &) x OF" (3o, y1. 6, ), (C8)
where
B _ e /e K k)2
¥ (xo, X1, 0, €) = S|n0/ ZK U (Ky; xo, x1) (\/r?z"‘Kr(k))Zb exp(_%) dz. (C9)
0

We can carry out this integration analytically to obtain the following expressid?j;lof

) k3
[§2(x0, 11,6, ) i
[ (x0, x1,0,8) | = AF ;}il : (C10)
k0 — b
Fb (XO, X1, 07 6) X]go
- b (b — L N2 .
X/ljl — Z (‘ /moz{rﬂé(k) Slné) X plz{(b—r)—l—l (l = O’ 1’ 2’ 3)’ (Cll)
r
r=0
P = E, (Vi 24) — E, (ViR Zo). (C12)
Zi=x;tand +¢*®cose (i =0,1). (C13)

Here, A* is given by equation (C3) withii#® = /m®. With this expression of ¥, we carry out the double
integration with respect td andé in (65) numerically.
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